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Main players : Quarks and strong interaction
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Fundamental forces:
• electromagnetic

• weak

• strong

• gravitational
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Conventional        and        exotic                 hadrons
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tetraquark             pentaquark

hybrid  meson             glueball                 

Minimal valence content
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cypto exotic

(not within quark model of qqq, qq)

+

baryon                        meson

Terminology in this talk: tetra(penta) 
quarks  indicate  just the number of 
valence quarks in  the state; it is not 
meant to say anything on how quarks 
are clustered in them 



(Mostly) conventional hadrons
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Mass of proton and neutron
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(Mostly) conventional baryons
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(Mostly) conventional mesons
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q̄q (including some non-qq states)



Stable or unstable under strong interactions

q  strongly stable 
states

q strongly decaying 
resonances
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lattice QCD: strong, EW
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Exotic hadrons
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https://www.nikhef.nl/~pkoppenb/particles.html

https://qwg.ph.nat.tum.de/exoticshub/

BesIII
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Ĥ =
p̂
2

2mr
+ V

Simplistic  argument: for a given V: 

heavier particles are easier to bind
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Binding mechanism in exotic hadrons: open problem
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gluon
exchange 

meson 
exchange

Binding mechanism in nuclei
meson 

exchange

deuterium

tetraquark

?                   ?

“meson molecule”

𝑚! ≈ 𝑚" +𝑚#

          −	2.2	MeV

devterium

               
5.5 MeV

part of fusion chain 

in Sun
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T(E) = scattering amplitude

         m =  devterium mass

       pole:   T(E=m) = ∞

mp+mn (threshold)

binding energy 

(exp.: 2.2 MeV)

m
 [G

eV
/c

2 ]

m
 [G

eV
/c

2 ]

mH1+mH2 (prag)
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q̄q̄qqH1

H2

One of the aims: binding energies 

T(E=m) = ∞

sipanje

p n

𝑚 ≲ 𝑚!" +𝑚!#
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T (E) / 1

E2 �m2c4

Tetraquark

Deuterium
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This is not a review 

an excellent book on Lattice QCD: Gattringer, Lang

Scattering processes and resonances from lattice QCD
R. Briceno, J. Dudek, R. Young
1706.06223, Rev. Mod. Phys

review:
Tetraquarks and pentaquarks in lattice QCD with light and heavy quarks 
P. Bicudo
2212.07793, Phys.Rept. 1039 (2023)

review:
The XYZ states: experimental and theoretical status and perspectives  
N. Brambilla, S. Eidelman, C. Hanhart, A. Nefediev, C.-P. Shen, C. Thomas, A. Vairo, C.-Z. Yuang 
1907.07583,  Physics Reports
(there is section on lattice results)

proceedings of Lattice conferences, parallel or plenary talks , ...

Nilmani Mathur, Tata

For an overview on spectroscopy : consult papers or review papers

Plenary talk at lattice 2024 in Liverpool:
Hadron Spectroscopy from lattice QCD: current status and future
Nilmani Mathur 
https://conference.ippp.dur.ac.uk/event/1265/contributions/7240/attachments/6046/8075/Lattice24_talk_NMathur.pdf
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A number of works done in valuable collaboration with 
Madanagopalan Padmanath (IMSc Chennai)



Outline
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resonances above one th.

R → H1 H2 , H1
'
 H2

'
 

R → H1 H2  

Ø  hadrons well below threshold 

Ø  hadrons from one-channel scattering

Ø  hadrons from coupled-channel scat.

Ø hadrons from static potentials

• most of examples: exotic hadrons

• this is NOT a review of all existing results !

lattice QCD: strong, EW

How difficult it is to study a given hadron? 



Resonances appear in scattering as “bumps” in cross-section

20

in experiment and in theory one determines:  

E(ππ )
€ 

σ

Γ

mR

simplest Breit Wigner

scattering amplitude: basic object of these lectures

center-of-momentum  energy

�(E) / |T (E)|2 = | E�

E2 �m2
R + iE�

|2

JPC=1--
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<latexit sha1_base64="4HwRAp5YNsitMRwyLbgDa+IDKKY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquinoRil48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvFBypo3rfjuFldW19Y3iZmlre2d3r7x/0NJJqghtkoQnqhNiTTkTtGmY4bQjFcVxyGk7HN1N/fYTVZol4tGMJQ1iPBAsYgQbK/k3KK76kiFbp71yxa25M6Bl4uWkAjkavfKX309IGlNhCMdadz1XmiDDyjDC6aTkp5pKTEZ4QLuWChxTHWSzmyfoxCp9FCXKljBopv6eyHCs9TgObWeMzVAvelPxP6+bmug6yJiQqaGCzBdFKUcmQdMAUJ8pSgwfW4KJYvZWRIZYYWJsTCUbgrf48jJpndW8y9r5w0WlfpvHUYQjOIYqeHAFdbiHBjSBgIRneIU3J3VenHfnY95acPKZQ/gD5/MHYq6Qnw==</latexit>

= m(⇡⇡)

invariant mass
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<latexit sha1_base64="Ls29sX+l54Xbedp0FMtaCPKhVkg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRa1GXRjcsK9gFNKJPJpB06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe+8JM86Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWS0DZJeSp7IVaUM0HbmmlOe5mkOAk57Ybju5nffaJSsVQ86klGgwQPBYsZwdpKPkJ+iCUixJhoUK25dXcOtEq8gtSgQGtQ/fKjlJiECk04VqrvuZkOciw1I5xOK75RNMNkjIe0b6nACVVBPr95is6sEqE4lbaERnP190SOE6UmSWg7E6xHatmbif95faPjmyBnIjOaCrJYFBuOdIpmAaCISUo0n1iCiWT2VkRGWGKibUwVG4K3/PIq6VzUvav65UOj1rwt4ijDCZzCOXhwDU24hxa0gUAGz/AKb45xXpx352PRWnKKmWP4A+fzB/QfkP8=</latexit>

c̄cuud
<latexit sha1_base64="g8XCzLQUbMCySLv/KnamjD31Y2I=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7Kroh6LXjxWsB/QLiU7TdvQbHZJsoWy9J948aCIV/+JN/+NabsHbX0wzOO9GTJ5YSK4Np737RTW1jc2t4rbpZ3dvf0D9/CooeNUIatjLGLVCqlmgktWN9wI1koUo1EoWDMc3c/85pgpzWP5ZCYJCyI6kLzPkRordV2XkE5IFUHMW9ctexVvDrJK/JyUIUet6351ejGmEZMGBdW67XuJCTKqDEfBpqVOqllCcUQHrG2ppBHTQTa/fErOrNIj/VjZkobM1d8bGY20nkShnYyoGeplbyb+57VT078NMi6T1DCJi4f6qSAmJrMYSI8rhkZMLKGouL2V4JAqisaGVbIh+MtfXiWNi4p/Xbl8vCpX7/I4inACp3AOPtxAFR6gBnVAGMMzvMKbkzkvzrvzsRgtOPnOMfyB8/kD00SSgQ==</latexit>

c̄cc̄c

<latexit sha1_base64="7uETTMKBRFmXLWwM8ucM2neEgzM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLoxmUF+4A2lMlk0g6dTMLMpFBC/8SNC0Xc+ifu/BsnaRbaeuByD+fcy9w5fsKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lz8eKciZoWzPNaS+RFEc+p11/cp/73SmVisXiSc8S6kV4JFjICNZGGto2QgMfS0RIWvRgaNedhlMArRK3JHUo0RraX4MgJmlEhSYcK9V3nUR7GZaaEU7ntUGqaILJBI9o31CBI6q8rLh8js6MEqAwlqaERoX6eyPDkVKzyDeTEdZjtezl4n9eP9XhrZcxkaSaCrJ4KEw50jHKY0ABk5RoPjMEE8nMrYiMscREm7BqJgR3+curpHPRcK8bl49X9eZdGUcVTuAUzsGFG2jCA7SgDQSm8Ayv8GZl1ov1bn0sRitWuXMMf2B9/gDwupKU</latexit>

c̄cud̄

<latexit sha1_base64="TLy2b0fo0XISU48WeqbjX7qqvbM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiYq6rLoQnFVwT4gCWUynbRDJ5NhZiKE0v6KGxeKuPVD3Pk3TtsstPXAhcM593LvPaFgVGnH+baWlldW19YLG8XNre2dXXtvv6mSVGLSwAlLZDtEijDKSUNTzUhbSILikJFWOLiZ+K0nIhVN+KPOBAli1OM0ohhpI3XsUly5P/GFomMojn3o3ZJm0LHLTtWZAi4SNydlkKPesb/8boLTmHCNGVLKcx2hgyGSmmJGRkU/VUQgPEA94hnKUUxUMJweP4JHRunCKJGmuIZT9ffEEMVKZXFoOmOk+2rem4j/eV6qo6tgSLlINeF4tihKGdQJnCQBu1QSrFlmCMKSmlsh7iOJsDZ5FU0I7vzLi6R5WnUvqmcP5+XadR5HARyAQ1ABLrgENXAH6qABMMjAM3gFb9bYerHerY9Z65KVz5TAH1ifP8lGk5Q=</latexit>

m(J/ p) [GeV ]

LHCb 2021

BES, Belle, 2013 

LHCb 2019

<latexit sha1_base64="5wITqxaeNb4eRUAw38xuhbpEAYk=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclURFXRbduKxgH9DGMplM2qGTSZiHUkL/w40LRdz6L+78G6dpFtp64F4O59zL3DlBypnSrvvtLC2vrK6tlzbKm1vbO7uVvf2WSowktEkSnshOgBXlTNCmZprTTiopjgNO28HoZuq3H6lULBH3epxSP8YDwSJGsLbSAyG9AEsU5t30K1W35uZAi8QrSBUKNPqVr16YEBNToQnHSnU9N9V+hqVmhNNJuWcUTTEZ4QHtWipwTJWf5VdP0LFVQhQl0pbQKFd/b2Q4VmocB3Yyxnqo5r2p+J/XNTq68jMmUqOpILOHIsORTtA0AhQySYnmY0swkczeisgQS0y0DapsQ/Dmv7xIWqc176J2dnderV8XcZTgEI7gBDy4hDrcQgOaQEDCM7zCm/PkvDjvzsdsdMkpdg7gD5zPH8pPkg8=</latexit>

ccd̄ū LHCb, 29th Jul 2021

DD*
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resonances above one th.

Ø hadrons from static potentials

Ø hadrons from coupled-channel scat.

Ø hadrons from one-channel scattering

 
       relation of En and scattering amplitude 

       scattering in infinite volume

Ø  hadrons well below threshold

        extracting eigen-energies En from lattice 
<latexit sha1_base64="D3ScwVGlWIsbJqJeZKN/TFOWiCY=">AAACC3icbVDLSgMxFL3js9ZX1aWb0CK4KjMi6kYoVqHLFuwDOsOQSdM2NJMZkoxQxu7d+CtuXCji1h9w59+YPhBtPXDh5Jx7yb0niDlT2ra/rKXlldW19cxGdnNre2c3t7ffUFEiCa2TiEeyFWBFORO0rpnmtBVLisOA02YwKI/95h2VikXiVg9j6oW4J1iXEayN5Ofybh9rVPHTWvl6dC9ciUWP08sbX/w8/FzBLtoToEXizEgBZqj6uU+3E5EkpEITjpVqO3asvRRLzQino6ybKBpjMsA92jZU4JAqL53cMkJHRumgbiRNCY0m6u+JFIdKDcPAdIZY99W8Nxb/89qJ7l54KRNxoqkg04+6CUc6QuNgUIdJSjQfGoKJZGZXRPpYYqJNfFkTgjN/8iJpnBSds6JTOy2UrmZxZOAQ8nAMDpxDCSpQhToQeIAneIFX69F6tt6s92nrkjWbOYA/sD6+AfK1mwI=</latexit>

ĤQCD|ni = En|ni



Lattice QCD  is based on  Feynman path integral
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Quantum machanics

Quantum field theory

<latexit sha1_base64="5UFsgannfIMfc17UnO7/9FVSY5U="></latexit>

S = s d4x LQCD(q(x), G(x))

sum over all paths 

sum over all fields 

<latexit sha1_base64="eUuboaM37Q1o6tdigiwPy7/F0EQ=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXRD0WvXisYD9gu5Rsmm1Ds8mSzBbL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O7mZ+e8y04Uo+wiRhQUwGkkecErCSj3F3zCh+qsJ5r1xxa+4ceJV4OamgHI1e+avbVzSNmQQqiDG+5yYQZEQDp4JNS93UsITQERkw31JJYmaCbH7yFJ9ZpY8jpW1JwHP190RGYmMmcWg7YwJDs+zNxP88P4XoJsi4TFJgki4WRanAoPDsf9znmlEQE0sI1dzeiumQaELBplSyIXjLL6+S1kXNu6p5D5eV+m0eRxGdoFNURR66RnV0jxqoiShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QOSvJAl</latexit>

~x(t)

<latexit sha1_base64="8GKzvsz4z+YhXBTdjSubbALbsWE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQQcqMiLosutBlBfuAdiiZNNOGJpkxyYhl6G+4caGIW3/GnX9j2s5CWw/cy+Gce8nNCWLOtHHdbye3tLyyupZfL2xsbm3vFHf3GjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw+uJ33ykSrNI3ptRTH2B+5KFjGBjpQ5C6Kb8dHzyYFu3WHIr7hRokXgZKUGGWrf41elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n05vH6MgqPRRGypY0aKr+3kix0HokAjspsBnoeW8i/ue1ExNe+imTcWKoJLOHwoQjE6FJAKjHFCWGjyzBRDF7KyIDrDAxNqaCDcGb//IiaZxWvPOKd3dWql5lceThAA6hDB5cQBVuoQZ1IBDDM7zCm5M4L8678zEbzTnZzj78gfP5AyK1j84=</latexit>

G(x), q(x)

<latexit sha1_base64="15CbO1Ocv8+jgfUKAp/moLEmbXU="></latexit>

S = s dtL
= s dt [m2 ~̇x

2�V (~x)]

<latexit sha1_base64="dRUwwZgfvizRyVb4ut/DBhxUuGk="></latexit>

LQCD = 1
4G

µ⌫
a Gµ⌫

a + q̄i�µ(@
µ + igsG

µ
aT

a)q �mq q̄q

<latexit sha1_base64="ItEgiKJy4rQjYNvrvitkOhlNo7I="></latexit>

h~xf , tf |~xi, tii /
Z
Dx(t) eiS/~

<latexit sha1_base64="dMah9O4JvZtbBrfTlzNUI4CZiTE="></latexit>

hCi /
Z
DGDqDq̄ C eiS/~

Theoretical challenge:



Quantum ChromoDynamics on lattice 
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• numerical evaluation of path integral 

       in discretized finite Eucledian space-time

• typical : 𝑎 ≈ 0.05	fm	,	 L = 40 a  

                     a → 0	 , 𝐿 → ∞

• input: gs , mq

<latexit sha1_base64="dRUwwZgfvizRyVb4ut/DBhxUuGk="></latexit>

LQCD = 1
4G

µ⌫
a Gµ⌫

a + q̄i�µ(@
µ + igsG

µ
aT

a)q �mq q̄q

<latexit sha1_base64="S1OiyEQWDTlA+5aTM3O3fLtHJUo=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAmqgAWpogwMDK2gD6kJkeM4rVXnIdtBVFH4BRZ+hYUBhFiZ2Pgb3DYDtBzJ0tE5917fe9yYUSEN41ubm19YXFourBRX19Y3NvWt7ZaIEo5JE0cs4h0XCcJoSJqSSkY6MScocBlpu4PayG/fES5oFN7IYUzsAPVC6lOMpJIc/RBeO2mjdpGdWSJATI2R0Lut3MMHmFoYMXiVTXzo6CWjbIwBZ4mZkxLIUXf0L8uLcBKQUGKGhOiaRiztFHFJMSNZ0UoEiREeoB7pKhqigAg7HZ+UwX2leNCPuHpqpbH6uyNFgRDDwFWVAZJ9Me2NxP+8biL9UzulYZxIEuLJR37CoIzgKB/oUU6wZENFEOZU7QpxH3GEpUqxqEIwp0+eJa2jsnlcNhuVUvU8j6MAdsEeOAAmOAFVcAnqoAkweATP4BW8aU/ai/aufUxK57S8Zwf8gfb5Aw2GnHU=</latexit>

SQCD = s d4x LQCD

<latexit sha1_base64="9ndHbxl9ayMEiVpaK2k/GzZ4i/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSAyH1frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9a6q3v1lpXabx1GEEziFc/DgGmpwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH0MWjSE=</latexit>

C

first lattice QCD simulation

Micahel Creutz : 1980

<latexit sha1_base64="lM7FNGLzC9C8FvCEO2Pz4uOLvhs=">AAAB8nicbVDLSgNBEJz1GeMr6tHLxCB4MeyKqBch6MWLEME8YHcJs5PZZMjszDLTK4Qln+HFgyJe/Rpv/o2Tx0ETCxqKqm66u6JUcAOu++0sLa+srq0XNoqbW9s7u6W9/aZRmaasQZVQuh0RwwSXrAEcBGunmpEkEqwVDW7HfuuJacOVfIRhysKE9CSPOSVgJR8690H5OiifcuiUKm7VnQAvEm9GKmiGeqf0FXQVzRImgQpijO+5KYQ50cCpYKNikBmWEjogPeZbKknCTJhPTh7hY6t0cay0LQl4ov6eyElizDCJbGdCoG/mvbH4n+dnEF+FOZdpBkzS6aI4ExgUHv+Pu1wzCmJoCaGa21sx7RNNKNiUijYEb/7lRdI8q3oXVe/hvFK7mcVRQIfoCJ0gD12iGrpDddRAFCn0jF7RmwPOi/PufExbl5zZzAH6A+fzB9RJkE8=</latexit>

tM =�it

<latexit sha1_base64="FoGgtBOfKe2fr0+8Rnc3EZJc6WI="></latexit>

hCi /
Z
DGDqDq̄ C e�SE/~
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Extracting eigen-energies En



Main quantity extracted: En
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<latexit sha1_base64="5UjIms8HKgVZpxo7ZPLwOp628eg=">AAACCnicbVDLSgMxFM34rPU16tJNtAiuyoz42ghFEbqsYB/QGYY7adqGZjJDkhHK2LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJpwp7Tg/1sLi0vLKam4tv76xubVt7+zWVJxKQqsk5rFshKAoZ4JWNdOcNhJJIQo5rYe9m6Fff6BSsVjc635C/Qg6grUZAW2kwD7wuqBxGT8KT4LocIqv8G0gpt6BXXCKzgh4nrgTUkATVAL722vFJI2o0ISDUk3XSbSfgdSMcDrIe6miCZAedGjTUAERVX42OmWAj4zSwu1YmhIaj9TpiQwipfpRaDoj0F016w3F/7xmqtuXfsZEkmoqyPijdsqxjvEwF9xikhLN+4YAkczsikkXJBBt0subENzZk+dJ7aTonhfP7k4LpetJHDm0jw7RMXLRBSqhMqqgKiLoCb2gN/RuPVuv1of1OW5dsCYze+gPrK9fWCeZbQ==</latexit>

Ĥ|ni = En|ni

<latexit sha1_base64="zMKPtq+LmeCp/EFPmrl5079EIBY=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRIRdVl047KCfUATwmQ6aYdOJmFmIpS04MZfceNCEbf+hDv/xmnahbYeuNzDOfcyc0+Ycqa043xbS8srq2vrpY3y5tb2zq69t99USSYJbZCEJ7IdYkU5E7Shmea0nUqK45DTVji4mfitByoVS8S9HqbUj3FPsIgRrI0U2IeeyuJAoJHwJBY9Tj1eNCRGgV1xqk4BtEjcGanADPXA/vK6CcliKjThWKmO66Taz7HUjHA6LnuZoikmA9yjHUMFjqny8+KGMToxShdFiTQlNCrU3xs5jpUaxqGZjLHuq3lvIv7ndTIdXfk5E2mmqSDTh6KMI52gSSCoyyQlmg8NwUQy81dE+lhiok1sZROCO3/yImmeVd2Lqnt3Xqldz+IowREcwym4cAk1uIU6NIDAIzzDK7xZT9aL9W59TEeXrNnOAfyB9fkDQ4yX6w==</latexit>X

n

|nihn|

<latexit sha1_base64="lM7FNGLzC9C8FvCEO2Pz4uOLvhs=">AAAB8nicbVDLSgNBEJz1GeMr6tHLxCB4MeyKqBch6MWLEME8YHcJs5PZZMjszDLTK4Qln+HFgyJe/Rpv/o2Tx0ETCxqKqm66u6JUcAOu++0sLa+srq0XNoqbW9s7u6W9/aZRmaasQZVQuh0RwwSXrAEcBGunmpEkEqwVDW7HfuuJacOVfIRhysKE9CSPOSVgJR8690H5OiifcuiUKm7VnQAvEm9GKmiGeqf0FXQVzRImgQpijO+5KYQ50cCpYKNikBmWEjogPeZbKknCTJhPTh7hY6t0cay0LQl4ov6eyElizDCJbGdCoG/mvbH4n+dnEF+FOZdpBkzS6aI4ExgUHv+Pu1wzCmJoCaGa21sx7RNNKNiUijYEb/7lRdI8q3oXVe/hvFK7mcVRQIfoCJ0gD12iGrpDddRAFCn0jF7RmwPOi/PufExbl5zZzAH6A+fzB9RJkE8=</latexit>

tM =�it

<latexit sha1_base64="8pyaYTcHFR8Zo0MEBVCS6IvO53I=">AAACDXicbVA9SwNBEN3zM8avqKXNYhSswp0o2ghBGzsjmA/MncfcZpMs2ds7dveEcMkfsPGv2FgoYmtv579xk1yhiQ8GHu/NMDMviDlT2ra/rbn5hcWl5dxKfnVtfWOzsLVdU1EiCa2SiEeyEYCinAla1Uxz2oglhTDgtB70Lkd+/YFKxSJxq/sx9ULoCNZmBLSR/ML+nc/uxbnLQXQ4xfYgdQlwfD30GR4IV45lv1C0S/YYeJY4GSmiDBW/8OW2IpKEVGjCQammY8faS0FqRjgd5t1E0RhIDzq0aaiAkCovHX8zxAdGaeF2JE0Jjcfq74kUQqX6YWA6Q9BdNe2NxP+8ZqLbZ17KRJxoKshkUTvhWEd4FA1uMUmJ5n1DgEhmbsWkCxKINgHmTQjO9MuzpHZUck5K9s1xsXyRxZFDu2gPHSIHnaIyukIVVEUEPaJn9IrerCfrxXq3Piatc1Y2s4P+wPr8Ael/m3c=</latexit>

Zn
i = h0|Oi|ni overlap

<latexit sha1_base64="YnqDhJnb+A3fBYrbpAfuTsCPHfY=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCF0sioh6LInisYD+giWGznbRLN5uwuxFKKPhXvHhQxKu/w5v/xm2bg7Y+GHi8N8PMvDDlTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6mSTFJo0IQnsh0SBZwJaGimObRTCSQOObTCwfXYbz2CVCwR93qYgh+TnmARo0QbKbD3saeyOBAexvCQn7CbQGA9CuyKU3UmwPPELUgFFagH9pfXTWgWg9CUE6U6rpNqPydSM8phVPYyBSmhA9KDjqGCxKD8fHL+CB8ZpYujRJoSGk/U3xM5iZUaxqHpjInuq1lvLP7ndTIdXfo5E2mmQdDpoijjWCd4nAXuMglU86EhhEpmbsW0TySh2iRWNiG4sy/Pk+Zp1T2vundnldpVEUcJHaBDdIxcdIFq6BbVUQNRlKNn9IrerCfrxXq3PqatC1Yxs4f+wPr8AbvelLQ=</latexit>X

n

e�iEntM

<latexit sha1_base64="eR6avsihSMzvfsJqxdCqekT8zo0=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARWtCSiKgboeimG7GCvUAbw2Q6aYdOJmFmIpSQl3Djq7hxoYhbwZ1v47QNotUfBn6+cw5nzu9FjEplWZ9Gbm5+YXEpv1xYWV1b3zA3t5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oYX43rrjghJQ36jRhFxAtTn1KcYKY1ccz/pYsTgVVpS7mX5jNwmtKZd+o2tsmYHU+iaRatiTQT/GjszRZCp7pof3V6I44BwhRmSsmNbkXISJBTFjKSFbixJhPAQ9UlHW44CIp1kclUK9zTpQT8U+nEFJ/TnRIICKUeBpzsDpAZytjaG/9U6sfJPnYTyKFaE4+kiP2ZQhXAcEexRQbBiI20QFlT/FeIBEggrHWRBh2DPnvzXNA8r9nHFvj4qVs+zOPJgB+yCErDBCaiCGqiDBsDgHjyCZ/BiPBhPxqvxNm3NGdnMNvgl4/0LeMOdww==</latexit>

O(tM ) = eiHtMO(0)e�iHtM

<latexit sha1_base64="6sBgMnoW+yDAxTbDr0Jpm2gzBPY="></latexit>

=
X

n

h0| eiHtMOi(0)e
�iHtM |nihn|O†

j
(0)|0i

<latexit sha1_base64="vU7BufpqYwojPFLotW21+t2bdH0="></latexit>

=
X

n

h0| eHt
Oi(0)e

�Ht
|nihn|O†

j
(0)|0i
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t=0, JP, It, JP, I

<latexit sha1_base64="ALsMksMVfOJbmh91iW5+qL+5pj0="></latexit>

mu/d > mphy
u/d , m⇡>140 MeV

often “non-precision” studies:   

single a, 

Reminder: All results in this talk will be based on En

• for strongly stable state well below threshold :

• resonances (Luscher’s relation)

• static potentials:

<latexit sha1_base64="lOunyWs3wssA8y3qFjrXNpF+J9Y=">AAACCXicbVDLSgNBEJz1GeNr1aOXwSDES9gVUY9BETxGyAuSdZmdTJIh81hmZpWw5OrFX/HiQRGv/oE3/8ZJsoImFjQUVd10d0Uxo9p43pezsLi0vLKaW8uvb2xubbs7u3UtE4VJDUsmVTNCmjAqSM1Qw0gzVgTxiJFGNLgc+407ojSVomqGMQk46gnapRgZK4UuvArFbYr5CLYV7fUNUkrew2rxRz4K3YJX8iaA88TPSAFkqITuZ7sjccKJMJghrVu+F5sgRcpQzMgo3040iREeoB5pWSoQJzpIJ5+M4KFVOrArlS1h4ET9PZEirvWQR7aTI9PXs95Y/M9rJaZ7HqRUxIkhAk8XdRMGjYTjWGCHKoING1qCsKL2Voj7SCFsbHh5G4I/+/I8qR+X/NOSf3NSKF9kceTAPjgAReCDM1AG16ACagCDB/AEXsCr8+g8O2/O+7R1wclm9sAfOB/fDBmZ6w==</latexit>

Ecm
n ! T (Ecm

n )

Sasa Prelovsek                              Exotic hadrons from lattice

<latexit sha1_base64="bmAcoJHB9JQsck0lzKJ8Ev6mLVA=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgESpImRFRN0LRhe6sYC/QDiWTZtrQTGZMMkIZu/BV3LhQxK2v4c63Mb0IWv0h8PGfczgnvx9zprTjfFqZmdm5+YXsYm5peWV1zV7fqKookYRWSMQjWfexopwJWtFMc1qPJcWhz2nN750P67U7KhWLxI3ux9QLcUewgBGsjdWyt9ImwRxdDU6/oXC7f7HXsvNO0RkJ/QV3AnmYqNyyP5rtiCQhFZpwrFTDdWLtpVhqRjgd5JqJojEmPdyhDYMCh1R56ej+Ado1ThsFkTRPaDRyf06kOFSqH/qmM8S6q6ZrQ/O/WiPRwYmXMhEnmgoyXhQkHOkIDcNAbSYp0bxvABPJzK2IdLHERJvIciYEd/rLf6F6UHSPiu71Yb50NokjC9uwAwVw4RhKcAllqACBe3iEZ3ixHqwn69V6G7dmrMnMJvyS9f4FKMKU5Q==</latexit>

O = O(q,G)

<latexit sha1_base64="mVATXqzPZwvyHUCzehTg9td5mJE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DIniMYB6QXcLsZDYZMjuzzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hQln2rjut1NYWV1b3yhulra2d3b3yvsHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDv1209UaSbFoxknNIjxQLCIEWys5N/1BPKNRK2qOu2VK27NnQEtEy8nFcjR6JW//L4kaUyFIRxr3fXcxAQZVoYRTiclP9U0wWSEB7RrqcAx1UE2u3mCTqzSR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3nd1ETXQcZEkhoqyHxRlHJkv5wGgPpMUWL42BJMFLO3IjLEChNjYyrZELzFl5dJ66zmXdYuHs4r9Zs8jiIcwTFUwYMrqMM9NKAJBBJ4hld4c1LnxXl3PuatBSefOYQ/cD5/AG0akKY=</latexit>

En ! V (r)

En(P=0)  =  m



Creation/annihilation operators
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good quantum numbers: flavor, �⃗� , parity P (for �⃗�=0),     JP →  irrep
see intermezzo on “Good quantum numbers 

for reduced rotational symmetry” at the end  

system with kaon q. n.

JP=0- 
system with K* q. n.

JP=1- 

<latexit sha1_base64="qkfbcQzyPAbR19jVphuin53X/L8="></latexit>

D~p1D
⇤
~p2

= (ū�5c)~p1(d̄�ic)~p2

� {u ! d}

( [ūC�5d̄]3c [cC�ic]3̄c )~p

<latexit sha1_base64="6QAEV93/6kK2D6iH84HvnSd48Js="></latexit>

(ū�5s)~p

(ū�t�5s)~p

(ū�t�5�iris)~p

(ūri�5ris)~p

<latexit sha1_base64="2k0H81vJUBUQfy1yNpqbChkh1GQ="></latexit>

O(x) = ū(x)�5s(x)

O~p(t) =
X

~x

O(~x, t)ei~p~x

system flavor ccud

JP=1+ 

<latexit sha1_base64="QXHFxLupVvODs4z9iB/mUk9U/GQ=">AAACAXicbZDLSgNBEEVrfMb4GnUjuGkMgiCEmSDqRgi6cRnBPCAZQk+nJmnS86C7JxBC3Pgrblwo4ta/cOff2ElmoYkXGg63qqiu6yeCK+0439bS8srq2npuI7+5tb2za+/t11ScSoZVFotYNnyqUPAIq5prgY1EIg19gXW/fzup1wcoFY+jBz1M0AtpN+IBZ1Qbq20ftgbISNJ2zzIoXWdgF5yiMxVZBDeDAmSqtO2vVidmaYiRZoIq1XSdRHsjKjVnAsf5VqowoaxPu9g0GNEQlTeaXjAmJ8bpkCCW5kWaTN3fEyMaKjUMfdMZUt1T87WJ+V+tmergyhvxKEk1Rmy2KEgF0TGZxEE6XCLTYmiAMsnNXwnrUUmZNqHlTQju/MmLUCsV3Yuie39eKN9kceTgCI7hFFy4hDLcQQWqwOARnuEV3qwn68V6tz5mrUtWNnMAf2R9/gCGYJWo</latexit>

~p1 + ~p2 = ~p

<latexit sha1_base64="XG7TwOJMV3IfFiamW6fkiEs/k9s="></latexit>

(ū�is)~p

(ū�t�is)~p

(ūris)~p

⇡~p1K~p2 = (ū�5d)~p1(d̄�5s)~p2

+ {u ! d}



Correlation functions and Wick contractions
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system with kaon q. n.

JP=0- 

system flavor ccud

JP=1+ 

<latexit sha1_base64="A7ww7/qaStwOBHM6HSWa9CGzL+Y="></latexit>

hCi /
Z
DGDqDq̄ C e�SG�q̄Dq

<latexit sha1_base64="bAsTVy61uKh7vFAVuHOHiOODPIE="></latexit>

hCi /
Z
DG [det(D)]Nf e�SG

Tr[�5D
�1
u �5D

�1
s ]

s
u

<latexit sha1_base64="RgLisrT7SOrzGYbN9QbIShvRIrQ="></latexit>

hCi /
Z
DG [det(D)]Nf e�SG

( Tr[�D�1
c �D�1

u ]Tr[�D�1
c �D�1

d ]

�Tr[�D�1
c �D�1

u �D�1
c �D�1

d ] )

<latexit sha1_base64="b9ivARX1pAwyfVoWe/KFMlC1XWc="></latexit>

Dq(G) = i�µ(@
µ + igsG

µ
aT

a)�mq

<latexit sha1_base64="CL2ePJbKs9F+3icoNlapPq4NKL0=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJgMoabTkzTp7hm6e4QQ8hdePCji1b/x5t/YWQ6a+KDg8V4VVfWiVHBjff/by62srq1v5DcLW9s7u3vF/YO6STJNWY0mItHNCA0TXLGa5VawZqoZykiwRjS4nfiNJ6YNT9SDHaYslNhTPOYUrZMeCWn3UErsXHSKJb/sT0GWSTAnJZij2il+tbsJzSRTlgo0phX4qQ1HqC2ngo0L7cywFOkAe6zlqELJTDiaXjwmJ07pkjjRrpQlU/X3xAilMUMZuU6Jtm8WvYn4n9fKbHwdjrhKM8sUnS2KM0FsQibvky7XjFoxdASp5u5WQvuokVoXUsGFECy+vEzqZ+Xgshzcn5cqN/M48nAEx3AKAVxBBe6gCjWgoOAZXuHNM96L9+59zFpz3nzmEP7A+/wBZVKQFw==</latexit>�5
<latexit sha1_base64="CL2ePJbKs9F+3icoNlapPq4NKL0=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJgMoabTkzTp7hm6e4QQ8hdePCji1b/x5t/YWQ6a+KDg8V4VVfWiVHBjff/by62srq1v5DcLW9s7u3vF/YO6STJNWY0mItHNCA0TXLGa5VawZqoZykiwRjS4nfiNJ6YNT9SDHaYslNhTPOYUrZMeCWn3UErsXHSKJb/sT0GWSTAnJZij2il+tbsJzSRTlgo0phX4qQ1HqC2ngo0L7cywFOkAe6zlqELJTDiaXjwmJ07pkjjRrpQlU/X3xAilMUMZuU6Jtm8WvYn4n9fKbHwdjrhKM8sUnS2KM0FsQibvky7XjFoxdASp5u5WQvuokVoXUsGFECy+vEzqZ+Xgshzcn5cqN/M48nAEx3AKAVxBBe6gCjWgoOAZXuHNM96L9+59zFpz3nzmEP7A+/wBZVKQFw==</latexit>�5

size of D: N x N,  N = NL
3  NT * 4 * 3 ~ 108
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Extracting En and overlaps Zi
n with GeVP

<latexit sha1_base64="kfB64u/N49KblLPcsmiI+srgcKE="></latexit>

Cij(t) = h0|Oi(t)Oj(0)|0i =
X

n

Z
n
i Z

n⇤
j e

�Ent <latexit sha1_base64="8pyaYTcHFR8Zo0MEBVCS6IvO53I=">AAACDXicbVA9SwNBEN3zM8avqKXNYhSswp0o2ghBGzsjmA/MncfcZpMs2ds7dveEcMkfsPGv2FgoYmtv579xk1yhiQ8GHu/NMDMviDlT2ra/rbn5hcWl5dxKfnVtfWOzsLVdU1EiCa2SiEeyEYCinAla1Uxz2oglhTDgtB70Lkd+/YFKxSJxq/sx9ULoCNZmBLSR/ML+nc/uxbnLQXQ4xfYgdQlwfD30GR4IV45lv1C0S/YYeJY4GSmiDBW/8OW2IpKEVGjCQammY8faS0FqRjgd5t1E0RhIDzq0aaiAkCovHX8zxAdGaeF2JE0Jjcfq74kUQqX6YWA6Q9BdNe2NxP+8ZqLbZ17KRJxoKshkUTvhWEd4FA1uMUmJ5n1DgEhmbsWkCxKINgHmTQjO9MuzpHZUck5K9s1xsXyRxZFDu2gPHSIHnaIyukIVVEUEPaJn9IrerCfrxXq3Piatc1Y2s4P+wPr8Ael/m3c=</latexit>

Zn
i = h0|Oi|ni

Recipe:

1) Solve for 𝝺 and u ;  t0 is reference time after which only N lowest eigenstates (significantly) contribute

2) Extract En from 𝝺(n)

 

     proof on the next slide

3) Extract Zi
n  as

     without proof

i,j=1,..,N

<latexit sha1_base64="o1enxmg2Y8X7HKKuBBbYQdi2+Ss=">AAACKHicbVBbSwJBGJ21m9nN6rGXIQkUQnYrqpdI8qVHg7yAmsyOow7Ozi4z3way6L/ppb/SS0QRvvZLmlUfTDswcDjnfDPzHTcQXINtj63Eyura+kZyM7W1vbO7l94/qGg/VJSVqS98VXOJZoJLVgYOgtUCxYjnClZ1+8XYrz4zpbkvH2EQsKZHupJ3OCVgpFb6Fsco4izkRuFTlJW5oaE3DWGuaJOpYMxTaNk5PIpzhswlW+mMnbcnwMvEmZEMmqHUSn802j4NPSaBCqJ13bEDaEZEAaeCDVONULOA0D7psrqhknhMN6PJokN8YpQ27vjKHAl4os5PRMTTeuC5JukR6OlFLxb/8+ohdK6bEZdBCEzS6UOdUGDwcdwabnPFKIiBIYQqbv6KaY8oQsF0mzIlOIsrL5PKWd65zJ8/XGQKd7M6kugIHaMsctAVKqB7VEJlRNELekOf6Mt6td6tb2s8jSas2cwh+gPr5xd03KID</latexit>

C(t) u(n)(t) = �(n)(t, t0) C(t0) u
(n)(t)

NxN matrix                         number                                 vector of lenght N

<latexit sha1_base64="DZldyJ2p6/zeLcX38kNz+OxBVJc="></latexit>

�
(n)(t, t0) = A e

�Ent [1 +O(e��Et)] ' A e
�Ent

C. Michael [Nucl. Phys. B 259, 58 1985] , Luscher & Wolf [Nucl. Phys. B 339, 222 1990] , Blossier et al [JHEP 0904, 094 2009] 

eigenstates n = 1,..,N

Extracting E1 
<latexit sha1_base64="TnGx0vI+Gi7Dl2+/E3pYerqO1jY=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhFoZdEbUMBsEygnlAsi6zk0kyZvbBzF0hLNvY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjRYIrsKxvI7ewuLS8kl8trK1vbG6Z2zsNFcaSsjoNRShbHlFM8IDVgYNgrUgy4nuCNb1hdew3H5hUPAxuYRQxxyf9gPc4JaAl19yvugm/T0tw1IlkGEGIMbtLjq9cG0PqmkWrbE2A54mdkSLKUHPNr043pLHPAqCCKNW2rQichEjgVLC00IkViwgdkj5raxoQnyknmaRI8aFWurgXSv0CwBP190ZCfKVGvqcnfQIDNeuNxf+8dgy9CyfhQRQDC+j0UC8WWIcdV4K7XDIKYqQJoZLrv2I6IJJQ0MUVdAn2bOR50jgp22dl++a0WLnM6sijPXSASshG56iCrlEN1RFFj+gZvaI348l4Md6Nj+lozsh2dtEfGJ8/56qXjA==</latexit>

Cij(t) / e�E1tlarge t:

Sasa Prelovsek                              Exotic hadrons from lattice
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<latexit sha1_base64="+RTYSoTTwhNLUKBNqJntZmZYIow=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoC0siom6EqgguK9gHtGmZTCbt0MkkzEyEEuIHuPFX3LhQxK17d/6N07QLbT0wcDjnHu7c40aMSmVZ30Zubn5hcSm/XFhZXVvfMDe36jKMBSY1HLJQNF0kCaOc1BRVjDQjQVDgMtJwB1cjv3FPhKQhv1PDiDgB6nHqU4yUlrrmHszQZjrioU5S4gcpPIfwAj6QTnJ43eVQpV2zaJWtDHCW2BNSBBNUu+ZX2wtxHBCuMENStmwrUk6ChKKYkbTQjiWJEB6gHmlpylFApJNk16RwXyse9EOhH1cwU38nEhRIOQxcPRkg1ZfT3kj8z2vFyj9zEsqjWBGOx4v8mEEVwlE10KOCYMWGmiAsqP4rxH0kEFa6wIIuwZ4+eZbUj8r2Sdm+PS5WLid15MEO2AUlYINTUAE3oApqAINH8AxewZvxZLwY78bHeDRnTDLb4A+Mzx98WZi1</latexit>

�(n) = A e�Ent

We aim to show that                                                                            is 
<latexit sha1_base64="+RTYSoTTwhNLUKBNqJntZmZYIow=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoC0siom6EqgguK9gHtGmZTCbt0MkkzEyEEuIHuPFX3LhQxK17d/6N07QLbT0wcDjnHu7c40aMSmVZ30Zubn5hcSm/XFhZXVvfMDe36jKMBSY1HLJQNF0kCaOc1BRVjDQjQVDgMtJwB1cjv3FPhKQhv1PDiDgB6nHqU4yUlrrmHszQZjrioU5S4gcpPIfwAj6QTnJ43eVQpV2zaJWtDHCW2BNSBBNUu+ZX2wtxHBCuMENStmwrUk6ChKKYkbTQjiWJEB6gHmlpylFApJNk16RwXyse9EOhH1cwU38nEhRIOQxcPRkg1ZfT3kj8z2vFyj9zEsqjWBGOx4v8mEEVwlE10KOCYMWGmiAsqP4rxH0kEFa6wIIuwZ4+eZbUj8r2Sdm+PS5WLid15MEO2AUlYINTUAE3oApqAINH8AxewZvxZLwY78bHeDRnTDLb4A+Mzx98WZi1</latexit>

�(n) = A e�Ent
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t=0, JP, It, JP, I

<latexit sha1_base64="ALsMksMVfOJbmh91iW5+qL+5pj0="></latexit>

mu/d > mphy
u/d , m⇡>140 MeV

often “non-precision” studies:   

single a, 

Reminder: All results in this talk will be based on En

• for strongly stable state well below threshold :

• resonances (Luscher’s relation)

• static potentials:

<latexit sha1_base64="lOunyWs3wssA8y3qFjrXNpF+J9Y=">AAACCXicbVDLSgNBEJz1GeNr1aOXwSDES9gVUY9BETxGyAuSdZmdTJIh81hmZpWw5OrFX/HiQRGv/oE3/8ZJsoImFjQUVd10d0Uxo9p43pezsLi0vLKaW8uvb2xubbs7u3UtE4VJDUsmVTNCmjAqSM1Qw0gzVgTxiJFGNLgc+407ojSVomqGMQk46gnapRgZK4UuvArFbYr5CLYV7fUNUkrew2rxRz4K3YJX8iaA88TPSAFkqITuZ7sjccKJMJghrVu+F5sgRcpQzMgo3040iREeoB5pWSoQJzpIJ5+M4KFVOrArlS1h4ET9PZEirvWQR7aTI9PXs95Y/M9rJaZ7HqRUxIkhAk8XdRMGjYTjWGCHKoING1qCsKL2Voj7SCFsbHh5G4I/+/I8qR+X/NOSf3NSKF9kceTAPjgAReCDM1AG16ACagCDB/AEXsCr8+g8O2/O+7R1wclm9sAfOB/fDBmZ6w==</latexit>

Ecm
n ! T (Ecm

n )

Sasa Prelovsek                              Exotic hadrons from lattice

<latexit sha1_base64="bmAcoJHB9JQsck0lzKJ8Ev6mLVA=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgESpImRFRN0LRhe6sYC/QDiWTZtrQTGZMMkIZu/BV3LhQxK2v4c63Mb0IWv0h8PGfczgnvx9zprTjfFqZmdm5+YXsYm5peWV1zV7fqKookYRWSMQjWfexopwJWtFMc1qPJcWhz2nN750P67U7KhWLxI3ux9QLcUewgBGsjdWyt9ImwRxdDU6/oXC7f7HXsvNO0RkJ/QV3AnmYqNyyP5rtiCQhFZpwrFTDdWLtpVhqRjgd5JqJojEmPdyhDYMCh1R56ej+Ado1ThsFkTRPaDRyf06kOFSqH/qmM8S6q6ZrQ/O/WiPRwYmXMhEnmgoyXhQkHOkIDcNAbSYp0bxvABPJzK2IdLHERJvIciYEd/rLf6F6UHSPiu71Yb50NokjC9uwAwVw4RhKcAllqACBe3iEZ3ixHqwn69V6G7dmrMnMJvyS9f4FKMKU5Q==</latexit>

O = O(q,G)

<latexit sha1_base64="mVATXqzPZwvyHUCzehTg9td5mJE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DIniMYB6QXcLsZDYZMjuzzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hQln2rjut1NYWV1b3yhulra2d3b3yvsHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDv1209UaSbFoxknNIjxQLCIEWys5N/1BPKNRK2qOu2VK27NnQEtEy8nFcjR6JW//L4kaUyFIRxr3fXcxAQZVoYRTiclP9U0wWSEB7RrqcAx1UE2u3mCTqzSR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3nd1ETXQcZEkhoqyHxRlHJkv5wGgPpMUWL42BJMFLO3IjLEChNjYyrZELzFl5dJ66zmXdYuHs4r9Zs8jiIcwTFUwYMrqMM9NKAJBBJ4hld4c1LnxXl3PuatBSefOYQ/cD5/AG0akKY=</latexit>

En ! V (r)

En(P=0)  =  m
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slide from N. Mathur



Hadrons well below threshold
(or studied as if located well below threshold)

Sasa Prelovsek                              Exotic hadrons from lattice

En(P=0)  =  m

34

ag0,  Lg∞, mqgmq
phy
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Most important conventional hadron: proton 

<latexit sha1_base64="YnqDhJnb+A3fBYrbpAfuTsCPHfY=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCF0sioh6LInisYD+giWGznbRLN5uwuxFKKPhXvHhQxKu/w5v/xm2bg7Y+GHi8N8PMvDDlTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6mSTFJo0IQnsh0SBZwJaGimObRTCSQOObTCwfXYbz2CVCwR93qYgh+TnmARo0QbKbD3saeyOBAexvCQn7CbQGA9CuyKU3UmwPPELUgFFagH9pfXTWgWg9CUE6U6rpNqPydSM8phVPYyBSmhA9KDjqGCxKD8fHL+CB8ZpYujRJoSGk/U3xM5iZUaxqHpjInuq1lvLP7ndTIdXfo5E2mmQdDpoijjWCd4nAXuMglU86EhhEpmbsW0TySh2iRWNiG4sy/Pk+Zp1T2vundnldpVEUcJHaBDdIxcdIFq6BbVUQNRlKNn9IrerCfrxXq3PqatC1Yxs4f+wPr8AbvelLQ=</latexit>X

n

e�iEnt

<latexit sha1_base64="CYUYxPze5MYzMxd/AqGA0cQlmYw=">AAACHXicbZDLSsNAFIYn9VbrLerSzWAR3FgSKepGqErBZQV7gSaGyXTSDp1MwsxEKCE+iBtfxY0LRVy4Ed/GaZuFth4Y+Pj/czhzfj9mVCrL+jYKC4tLyyvF1dLa+sbmlrm905JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7wa++17IiSN+K0axcQNUZ/TgGKktOSZVXjuyCT0uAMvPA4fyF16ROuaVDZvTHSvnnlm2apYk4LzYOdQBnk1PPPT6UU4CQlXmCEpu7YVKzdFQlHMSFZyEklihIeoT7oaOQqJdNPJdRk80EoPBpHQjys4UX9PpCiUchT6ujNEaiBnvbH4n9dNVHDmppTHiSIcTxcFCYMqguOoYI8KghUbaUBYUP1XiAdIIKx0oCUdgj178jy0jiv2ScW+qZZrl3kcRbAH9sEhsMEpqIFr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8KeMrx87b6DI</latexit>

=
X

n

An e�iEnt =
X

n

An e�EntE

<latexit sha1_base64="U/7RgHdcQwCsILCbYwV6qmzogWw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbArol6EoAgeI5gHJEuYnUySIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53c0vLK6lp+vbCxubW9U9zdq5so0YzXWCQj3Qyo4VIoXkOBkjdjzWkYSN4IhjcTv/HEtRGResBRzP2Q9pXoCUbRSk2CVycCO7edYsktu1OQReJlpAQZqp3iV7sbsSTkCpmkxrQ8N0Y/pRoFk3xcaCeGx5QNaZ+3LFU05MZPp/eOyZFVuqQXaVsKyVT9PZHS0JhRGNjOkOLAzHsT8T+vlWDv0k+FihPkis0W9RJJMCKT50lXaM5QjiyhTAt7K2EDqilDG1HBhuDNv7xI6qdl77zs3Z+VKtdZHHk4gEM4Bg8uoAJ3UIUaMJDwDK/w5jw6L8678zFrzTnZzD78gfP5AwV9j08=</latexit>

t = �itE

<latexit sha1_base64="pLTlpLq1/IuZ2EYbhTr+Otqf7Gk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRL0IwVw8RjAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjGozv/XEtRGxesRxwv2IDpQIBaNopVatjOe3hPSKJbfizkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfu6UnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYY3/kSoJEWu2GJRmEqCMZn9TvpCc4ZybAllWthbCRtSTRnahAo2BG/55VXSvKh4VxXv4bJUvcviyMMJnEIZPLiGKtxDHRrAYATP8ApvTuK8OO/Ox6I152Qzx/AHzucPYseOSw==</latexit>

C(t) =

Sasa Prelovsek                              Exotic hadrons from lattice

<latexit sha1_base64="oc29uxP/84hoac0pPMf+AqdI+tM=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRIRdSMUq9BlC/YBTQiT6aQdOpmEmYlQYv0AN/6KGxeKuHXvzr9x2gbR1gMXzpxzL3Pv8WNGpbKsLyO3sLi0vJJfLaytb2xumds7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g8rYb90SIWnEb9QwJm6IepwGFCOlJc88gE4fKVj10nrlanR/xx2BeI+Ri2uP/zw8s2iVrAngPLEzUgQZap756XQjnISEK8yQlB3bipWbIqEoZmRUcBJJYoQHqEc6mnIUEummk2tG8FArXRhEQhdXcKL+nkhRKOUw9HVniFRfznpj8T+vk6jg3E0pjxNFOJ5+FCQMqgiOo4FdKghWbKgJwoLqXSHuI4Gw0gEWdAj27MnzpHlcsk9Ldv2kWL7M4siDPbAPjoANzkAZVEENNAAGD+AJvIBX49F4Nt6M92lrzshmdsEfGB/fQDubtA==</latexit>

ĤQCD |ni = En|ni

<latexit sha1_base64="8QbiE++ixoEU/FKDunyrPOzmPIk="></latexit>

Op = ✏ijk[u
T
i C�5dj ]uk ' uud

<latexit sha1_base64="/G1w5b10UVjrtaLLMkBbTI0pgzc=">AAACAHicbVDJSgNBEK2JW4zbqAcPXjoGQRDCTBD1IgS9iKcIZoHMJPR0epImPQvdPUIY5uKvePGgiFc/w5t/Y2c5aOKDgsd7VVTV82LOpLKsbyO3tLyyupZfL2xsbm3vmLt7DRklgtA6iXgkWh6WlLOQ1hVTnLZiQXHgcdr0hjdjv/lIhWRR+KBGMXUD3A+ZzwhWWuqaB3edmlO8corIUb7AJLWztJJ1TrtmySpbE6BFYs9ICWaodc0vpxeRJKChIhxL2batWLkpFooRTrOCk0gaYzLEfdrWNMQBlW46eSBDx1rpIT8SukKFJurviRQHUo4CT3cGWA3kvDcW//PaifIv3ZSFcaJoSKaL/IQjFaFxGqjHBCWKjzTBRDB9KyIDrHNQOrOCDsGef3mRNCpl+7xs35+VqtezOPJwCEdwAjZcQBVuoQZ1IJDBM7zCm/FkvBjvxse0NWfMZvbhD4zPH6lWlS4=</latexit>

JP = 1
2

+

<latexit sha1_base64="C/8LGccM5/WGl/lVRhYnFXFAi3k=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCIJSZoagboSiCywr2Ae1MyaSZNjTJDEmmUIa68VfcuFDErX/hzr8xfSy09cCFwzn3cu89YcKo0o7zbS0tr6yurec28ptb2zu79t5+TcWpxKSKYxbLRogUYVSQqqaakUYiCeIhI/WwfzP26wMiFY3Fgx4mxOeoK2hEMdJGatuHt4F3xQMPB6Wz1oBgmASZN8KB17YLTtGZAC4Sd0YKYIZK2/5qdWKcciI0Zkippusk2s+Q1BQzMsq3UkUShPuoS5qGCsSJ8rPJByN4YpQOjGJpSmg4UX9PZIgrNeSh6eRI99S8Nxb/85qpji79jIok1UTg6aIoZVDHcBwH7FBJsGZDQxCW1NwKcQ9JhLUJLW9CcOdfXiQ1r+ieF937UqF8PYsjB47AMTgFLrgAZXAHKqAKMHgEz+AVvFlP1ov1bn1MW5es2cwB+APr8wcyk5V1</latexit>

E2 = m2c4 + ~p2c2

<latexit sha1_base64="qyaM2aFY0mNGjxZiXU2547v6KAo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRFVIRCUQSXFewDmhgm00k7dCYJM5NCCV258VfcuFDErd/gzr9xmmahrQcu93DOvczc48eMSmVZ30ZhaXllda24XtrY3NreMXf3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h9dTvz0iQtIovFfjmLgc9UMaUIyUljzz0BkRDONa1qxLB954NqxxL4b4oQo9s2xVrAxwkdg5KYMcDc/8cnoRTjgJFWZIyq5txcpNkVAUMzIpOYkkMcJD1CddTUPEiXTT7IwJPNZKDwaR0BUqmKm/N1LEpRxzX09ypAZy3puK/3ndRAUXbkrDOFEkxLOHgoRBFcFpJrBHBcGKjTVBWFD9V4gHSCCsdHIlHYI9f/IiaVUr9lnFvjst16/yOIrgAByBE2CDc1AHt6ABmgCDR/AMXsGb8WS8GO/Gx2y0YOQ7++APjM8fWK2Wew==</latexit>

~p = ~0 : E1 = mpc
2

<latexit sha1_base64="/G1w5b10UVjrtaLLMkBbTI0pgzc=">AAACAHicbVDJSgNBEK2JW4zbqAcPXjoGQRDCTBD1IgS9iKcIZoHMJPR0epImPQvdPUIY5uKvePGgiFc/w5t/Y2c5aOKDgsd7VVTV82LOpLKsbyO3tLyyupZfL2xsbm3vmLt7DRklgtA6iXgkWh6WlLOQ1hVTnLZiQXHgcdr0hjdjv/lIhWRR+KBGMXUD3A+ZzwhWWuqaB3edmlO8corIUb7AJLWztJJ1TrtmySpbE6BFYs9ICWaodc0vpxeRJKChIhxL2batWLkpFooRTrOCk0gaYzLEfdrWNMQBlW46eSBDx1rpIT8SukKFJurviRQHUo4CT3cGWA3kvDcW//PaifIv3ZSFcaJoSKaL/IQjFaFxGqjHBCWKjzTBRDB9KyIDrHNQOrOCDsGef3mRNCpl+7xs35+VqtezOPJwCEdwAjZcQBVuoQZ1IJDBM7zCm/FkvBjvxse0NWfMZvbhD4zPH6lWlS4=</latexit>

JP = 1
2

+
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BMW collaboration
Science 322, 2008

Proton   and    neutron    mass

exp

lattice QCD
mu=md

lattice QCD+QED
mu ≠ md

exp

<latexit sha1_base64="lM5XDFbgCzJESihK0+4AN4L9Ewg=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4sexKUY9FL14KFeyHtMuSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGME+oLPJAsYgQbKz3WA4nOUT1IglLZrbgzoGXi5aQMORpB6avXj0kqqDSEY627npsYP8PKMMLppNhLNU0wGeEB7VoqsaDaz2YHT9CpVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66YmuvYzJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajog3BW3x5mbQuKt5lpXpfLddu8jgKcAwncAYeXEEN7qABTSAg4Ble4c1Rzovz7nzMW1ecfOYI/sD5/AFkOI+A</latexit> M
n
�

M
p

BMW collaboration
Science 347,2015

<latexit sha1_base64="gIldF7xlJBVO4xHzPRSfLm4SFaY=">AAACC3icbVDLSgNBEJz1GeMr6tHLJEEQhLAbfB2DXrwIEcwDsmGZnXSSITO768ysEJZ49uKvePGgiFd/wJt/42ySgyYWNBRV3XR3+RFnStv2t7WwuLS8sppZy65vbG5t53Z26yqMJYUaDXkomz5RwFkANc00h2YkgQifQ8MfXKZ+4x6kYmFwq4cRtAXpBazLKNFG8nKFsvDiI+F13LyrmIA77OYd+8EVRPelSK6hPvJyRbtkj4HniTMlRTRF1ct9uZ2QxgICTTlRquXYkW4nRGpGOYyybqwgInRAetAyNCACVDsZ/zLCB0bp4G4oTQUaj9XfEwkRSg2FbzrTG9Wsl4r/ea1Yd8/bCQuiWENAJ4u6Mcc6xGkwuMMkUM2HhhAqmbkV0z6RhGoTX9aE4My+PE/q5ZJzWjq5OS5WLqZxZNA+KqBD5KAzVEFXqIpqiKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AoFyaMA==</latexit>

2mu +md'10 MeV

<latexit sha1_base64="9A7RJPhw2BSiqOCNWO6DbhuFs4Q=">AAACB3icbVDJSgNBEO1xjXEb9ShIxyB4CjOu8Rb04iUQwSyQCaGnU0madM+M3T1CGOLJi7/ixYMiXv0Fb/6NneWgiQ8KHu9VUVXPjzhT2nG+rbn5hcWl5dRKenVtfWPT3tquqDCWFMo05KGs+UQBZwGUNdMcapEEInwOVb93NfSr9yAVC4Nb3Y+gIUgnYG1GiTZS094rNiMv4ykm4A57mYvj/IMniO5KkRShMmjaWSfnjIBniTshWTRBqWl/ea2QxgICTTlRqu46kW4kRGpGOQzSXqwgIrRHOlA3NCACVCMZ/THAB0Zp4XYoTQUaj9TfEwkRSvWFbzqHN6ppbyj+59Vj3c43EhZEsYaAjhe1Y451iIeh4BaTQDXvG0KoZOZWTLtEEqpNdGkTgjv98iypHOXcs9zpzUm2cDmJI4V20T46RC46RwV0jUqojCh6RM/oFb1ZT9aL9W59jFvnrMnMDvoD6/MHsw+YmQ==</latexit>

Mp'938 MeV

M
p,
n 

  [
M

eV
]

Higgs 

mechanism



Doubly bottom tetraquarks
<latexit sha1_base64="EL1HCgYPH4e80+T5fJpEPBvPrZU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APasSSZTBuayQxJRilD/8ONC0Xc+i/u/BvT6Sy09cC9HM65l9wckgiujet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSqS7BmgkvWMtwI1k0UwxERrEPGNzO/88iU5rG8N5OE+REeSh5yio2VHgjpE6xQkPd0UK25dTcHWiZeQWpQoDmofvWDmKYRk4YKrHXPcxPjZ1gZTgWbVvqpZgmmYzxkPUsljpj2s/zqKTqxSoDCWNmSBuXq740MR1pPImInI2xGetGbif95vdSEV37GZZIaJun8oTAVyMRoFgEKuGLUiIklmCpub0V0hBWmxgZVsSF4i19eJu2zundRP787rzWuizjKcATHcAoeXEIDbqEJLaCg4Ble4c15cl6cd+djPlpyip1D+APn8wfHgJIO</latexit>

bbd̄ū
<latexit sha1_base64="LgVvbA8y7lmBhpZXGELunj7w258=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9ox5KkmTY0kxmSjFKG/ocbF4q49V/c+Tem01lo64F7OZxzL7k5JBZcG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEUdaikYhUl2DNBJesZbgRrBsrhkMiWIdMbuZ+55EpzSN5b6Yx80M8kjzgFBsrPRDSJ1ghnfVkUK64VTcDWiVeTiqQozkof/WHEU1CJg0VWOue58bGT7EynAo2K/UTzWJMJ3jEepZKHDLtp9nVM3RmlSEKImVLGpSpvzdSHGo9DYmdDLEZ62VvLv7n9RITXPkpl3FimKSLh4JEIBOheQRoyBWjRkwtwVRxeyuiY6wwNTaokg3BW/7yKmlfVL16tXZXqzSu8ziKcAKncA4eXEIDbqEJLaCg4Ble4c15cl6cd+djMVpw8p1j+APn8wfelpId</latexit>

bbs̄ū
<latexit sha1_base64="LgVvbA8y7lmBhpZXGELunj7w258=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9ox5KkmTY0kxmSjFKG/ocbF4q49V/c+Tem01lo64F7OZxzL7k5JBZcG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEUdaikYhUl2DNBJesZbgRrBsrhkMiWIdMbuZ+55EpzSN5b6Yx80M8kjzgFBsrPRDSJ1ghnfVkUK64VTcDWiVeTiqQozkof/WHEU1CJg0VWOue58bGT7EynAo2K/UTzWJMJ3jEepZKHDLtp9nVM3RmlSEKImVLGpSpvzdSHGo9DYmdDLEZ62VvLv7n9RITXPkpl3FimKSLh4JEIBOheQRoyBWjRkwtwVRxeyuiY6wwNTaokg3BW/7yKmlfVL16tXZXqzSu8ziKcAKncA4eXEIDbqEJLaCg4Ble4c15cl6cd+djMVpw8p1j+APn8wfelpId</latexit>

bbs̄ū
<latexit sha1_base64="EL1HCgYPH4e80+T5fJpEPBvPrZU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APasSSZTBuayQxJRilD/8ONC0Xc+i/u/BvT6Sy09cC9HM65l9wckgiujet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSqS7BmgkvWMtwI1k0UwxERrEPGNzO/88iU5rG8N5OE+REeSh5yio2VHgjpE6xQkPd0UK25dTcHWiZeQWpQoDmofvWDmKYRk4YKrHXPcxPjZ1gZTgWbVvqpZgmmYzxkPUsljpj2s/zqKTqxSoDCWNmSBuXq740MR1pPImInI2xGetGbif95vdSEV37GZZIaJun8oTAVyMRoFgEKuGLUiIklmCpub0V0hBWmxgZVsSF4i19eJu2zundRP787rzWuizjKcATHcAoeXEIDbqEJLaCg4Ble4c15cl6cd+djPlpyip1D+APn8wfHgJIO</latexit>

bbd̄ū

from left to right (lattice QCD)
 
Hudspith, Mohler, 2303.17295

HALQCD, 2306.03565 (cosidering coupling with B*B*)
Leskovec, Meinel, Pflaumer, Wagner, 1904.04197 
Junnarkar, Mathur, Padmanth, 1810.12285  
Frances, Colquhoun, Hudspith, Maltman (2021 PosLat) 

Bicudo, Wagner et al. 1612.02758, static potentials
Brown, Orginost, 1210.1953, static potentials

Hudspith, Mohler, 2303.17295 

Meinel, Pflaumer, Wagner, 2205.13982
Junnarkar, Mathur, Padmanth  1810.12285  
Frances, Colquhoun, Hudspith, Maltman  (2021, PosLat) 

m
 –

 E
th

 [M
eV

]

threshold: BB*                                 BBs*

<latexit sha1_base64="93VS4W/6ezJugkIGkXkJZl3Nf3Q=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTO1CIJSEinqRii6UVcV7AWatEym03boZBJmJkKJFXwVNy4UcetruPNtnKZZaOsPAx//OYdz5vdCRqWyrG8jMze/sLiUXc6trK6tb5ibWzUZRAKTKg5YIBoekoRRTqqKKkYaoSDI9xipe4PLcb1+T4SkAb9Tw5C4Pupx2qUYKW21zR147eTPnbx1BB9vWpWE7dZh2yxYRSsRnAU7hQJIVWmbX04nwJFPuMIMSdm0rVC5MRKKYkZGOSeSJER4gHqkqZEjn0g3Tu4fwX3tdGA3EPpxBRP390SMfCmHvqc7faT6cro2Nv+rNSPVPXNjysNIEY4ni7oRgyqA4zBghwqCFRtqQFhQfSvEfSQQVjqynA7Bnv7yLNSOi/ZJsXRbKpQv0jiyYBfsgQNgg1NQBlegAqoAgwfwDF7Bm/FkvBjvxsekNWOkM9vgj4zPH0gpkxM=</latexit>

I=0, JP =1+

not found in exp, difficult to find

likely dominant 

(B and B* to close  

in BB* molecule

with binding ~0.1 GeV)

37Sasa Prelovsek                              Exotic hadrons from lattice

<latexit sha1_base64="bLtG0F0+Rob7K7oDopmXhNZaF/c="></latexit>

O =(ū�5b) (d̄�ib) + .. = BB
⇤

[b�1b]3̄c [ū�2d̄]3c
...



Doubly bottom tetraquarks

38

<latexit sha1_base64="EL1HCgYPH4e80+T5fJpEPBvPrZU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APasSSZTBuayQxJRilD/8ONC0Xc+i/u/BvT6Sy09cC9HM65l9wckgiujet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSqS7BmgkvWMtwI1k0UwxERrEPGNzO/88iU5rG8N5OE+REeSh5yio2VHgjpE6xQkPd0UK25dTcHWiZeQWpQoDmofvWDmKYRk4YKrHXPcxPjZ1gZTgWbVvqpZgmmYzxkPUsljpj2s/zqKTqxSoDCWNmSBuXq740MR1pPImInI2xGetGbif95vdSEV37GZZIaJun8oTAVyMRoFgEKuGLUiIklmCpub0V0hBWmxgZVsSF4i19eJu2zundRP787rzWuizjKcATHcAoeXEIDbqEJLaCg4Ble4c15cl6cd+djPlpyip1D+APn8wfHgJIO</latexit>

bbd̄ū

Colquhoun, Francis, Hudspith, Maltman, Lewis
1810.10550 , PoS LATTICE2021 (2022) 144

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
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b
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¥
[M

eV
]

Preliminary
udb̄0b̄0

lsb̄0b̄0

<latexit sha1_base64="LgVvbA8y7lmBhpZXGELunj7w258=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9ox5KkmTY0kxmSjFKG/ocbF4q49V/c+Tem01lo64F7OZxzL7k5JBZcG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEUdaikYhUl2DNBJesZbgRrBsrhkMiWIdMbuZ+55EpzSN5b6Yx80M8kjzgFBsrPRDSJ1ghnfVkUK64VTcDWiVeTiqQozkof/WHEU1CJg0VWOue58bGT7EynAo2K/UTzWJMJ3jEepZKHDLtp9nVM3RmlSEKImVLGpSpvzdSHGo9DYmdDLEZ62VvLv7n9RITXPkpl3FimKSLh4JEIBOheQRoyBWjRkwtwVRxeyuiY6wwNTaokg3BW/7yKmlfVL16tXZXqzSu8ziKcAKncA4eXEIDbqEJLaCg4Ble4c15cl6cd+djMVpw8p1j+APn8wfelpId</latexit>

bbs̄ū
lattice: dependence on mb and  mu,d 

<latexit sha1_base64="93VS4W/6ezJugkIGkXkJZl3Nf3Q=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTO1CIJSEinqRii6UVcV7AWatEym03boZBJmJkKJFXwVNy4UcetruPNtnKZZaOsPAx//OYdz5vdCRqWyrG8jMze/sLiUXc6trK6tb5ibWzUZRAKTKg5YIBoekoRRTqqKKkYaoSDI9xipe4PLcb1+T4SkAb9Tw5C4Pupx2qUYKW21zR147eTPnbx1BB9vWpWE7dZh2yxYRSsRnAU7hQJIVWmbX04nwJFPuMIMSdm0rVC5MRKKYkZGOSeSJER4gHqkqZEjn0g3Tu4fwX3tdGA3EPpxBRP390SMfCmHvqc7faT6cro2Nv+rNSPVPXNjysNIEY4ni7oRgyqA4zBghwqCFRtqQFhQfSvEfSQQVjqynA7Bnv7yLNSOi/ZJsXRbKpQv0jiyYBfsgQNgg1NQBlegAqoAgwfwDF7Bm/FkvBjvxsekNWOkM9vgj4zPH0gpkxM=</latexit>

I=0, JP =1+

mb’ decreasesmu,d increases

(m
bph

y  )

(m
u,

dph
y  )

Other                     and  JP : 
<latexit sha1_base64="7lltJ+1Cb9bQ9wALxOVfP2sEnAU=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCUGakqMuiG5ct2Ad0xpLJ3GlDMw+TjFCGfoQbf8WNC0XcunDn35hOZ6GtBxIO59x7c3O8hDOpLOvbWFpeWV1bL22UN7e2d3bNvf22jFNBoUVjHouuRyRwFkFLMcWhmwggoceh442up37nAYRkcXSrxgm4IRlELGCUKC31zdPMyYdkAvwJbjbvnESwELDjEYHvZ3ehTfpmxapaOfAisQtSQQUaffPL8WOahhApyomUPdtKlJsRoRjlMCk7qYSE0BEZQE/TiIQg3SzfZ4KPteLjIBb6RArn6u+OjIRSjkNPV4ZEDeW8NxX/83qpCi7djEVJqiCis4eClGMV42lC2GcCqOJjTQgVTO+K6ZAIQpXOsaxDsOe/vEjaZ1X7vFpr1ir1qyKOEjpER+gE2egC1dENaqAWougRPaNX9GY8GS/Gu/ExK10yip4D9AfG5w8aq57c</latexit>

QQ0q̄q̄0
<latexit sha1_base64="MNgF9QqN7/m9CMM8vPd6P7TLx3I=">AAACJ3icbVDLSgMxFM3UV62vqks3wSK4kDIjoq6k6MZlBfuATi2Z9E4bmsmMSUYoQ/0aN/6KG0FFdOmfmE5noW0PJBzOuffm5ngRZ0rb9reVW1hcWl7JrxbW1jc2t4rbO3UVxpJCjYY8lE2PKOBMQE0zzaEZSSCBx6HhDa7GfuMBpGKhuNXDCNoB6QnmM0q0kTrFi8RNhyQSuiPsUex6ROL7yX3nRpIFcIQfMaVzjBHuFEt22U6BZ4mTkRLKUO0U39xuSOMAhKacKNVy7Ei3EyI1oxxGBTdWEBE6ID1oGSpIAKqdpCuO8IFRutgPpTlC41T925GQQKlh4JnKgOi+mvbG4jyvFWv/vJ0wEcUaBJ085Mcc6xCPQ8NdJoFqPjSEUMnMrpj2iSRUm2gLJgRn+suzpH5cdk7Lzs1JqXKZxZFHe2gfHSIHnaEKukZVVEMUPaEX9I4+rGfr1fq0vialOSvr2UX/YP38Aq8jpc4=</latexit>

bcq̄q̄0, ccq̄q̄0

Theoretically expected near or above threshold

 States near or above threshold have to be identified from scattering T(E): next Section
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Di-baryons with heavy quarks
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Junnarkar Mathur 
1906.06054, PRL 

Mathur,  Padmanath, Chakraborty 
2205.02862

Junnarkar, Mathur, 2206.02942, PRD 

<latexit sha1_base64="XAjsRbDX72c7HgWgk9AmSzRF8EE=">AAAB8HicbVDJSgNBEO2JW4xb1KOXxiB4CjMi6kUILuAxglkkGUJPpyZp0j0zdNcIYchXePGgiFc/x5t/Y2c5aOKDgsd7VVTVCxIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dROnmkONxzLWzYAZkCKCGgqU0Ew0MBVIaASD67HfeAJtRBw94DABX7FeJELBGVrpsX0DEhm9vewUS27ZnYAuEm9GSmSGaqf41e7GPFUQIZfMmJbnJuhnTKPgEkaFdmogYXzAetCyNGIKjJ9NDh7RI6t0aRhrWxHSifp7ImPKmKEKbKdi2Dfz3lj8z2ulGF74mYiSFCHi00VhKinGdPw97QoNHOXQEsa1sLdS3meacbQZFWwI3vzLi6R+UvbOyt79aalyNYsjTw7IITkmHjknFXJHqqRGOFHkmbySN0c7L8678zFtzTmzmX3yB87nD85Cj8I=</latexit>

�E =

<latexit sha1_base64="GDmhW/4BnRFCAhrHOVMSoJ9CdCA=">AAACAnicbVDLSgMxFM34rPU16krcBIvgxjJTRN0IpSq4rGAf0A5DJs20oUlmSDJCGQY3/oobF4q49Svc+Tem0y609cDlHs65l+SeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvBr7rQciFY3EvR7FxOOoL2hIMdJG8u192L0mTCN4c8lPuJ/W3Cxvlcy3S07ZyQHniTslJTBF3be/ur0IJ5wIjRlSquM6sfZSJDXFjGTFbqJIjPAQ9UnHUIE4UV6an5DBI6P0YBhJU0LDXP29kSKu1IgHZpIjPVCz3lj8z+skOrzwUiriRBOBJw+FCYM6guM8YI9KgjUbGYKwpOavEA+QRFib1IomBHf25HnSrJTds7J7d1qq1qZxFMABOATHwAXnoApuQR00AAaP4Bm8gjfryXqx3q2PyeiCNd3ZA39gff4AAVaV6Q==</latexit>

�E = m�mB1 �mB2

<latexit sha1_base64="/ti/j2lZuJGz5rm5EeXDosdnhzs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ae0oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7N4ygaRXrnhVbwZ3mfg5qUCOeq/81e0rmsZMIhXEmI7vJRhkRCOngk1K3dSwhNARGbCOpZLEzATZ7NqJe2KVvhspbUuiO1N/T2QkNmYch7YzJjg0i95U/M/rpBhdBRmXSYpM0vmiKBUuKnf6utvnmlEUY0sI1dze6tIh0YSiDahkQ/AXX14mzbOqf1H1788rtes8jiIcwTGcgg+XUIM7qEMDKDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWKEjwI=</latexit> �

binding energy

<latexit sha1_base64="RMUaFyXoaoeq0eFB9vV74ivwY2M=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MWbFewHtkvJptk2NJvdJlmhLPVXePGgiFf/jTf/jWm7B219MPB4b4aZeX4suDaO841yS8srq2v59cLG5tb2TnF3r66jRFFWo5GIVNMnmgkuWc1wI1gzVoyEvmANf3A98RuPTGkeyXszipkXkp7kAafEWOkB314Oh8MnW51iySk7U+BF4makBBmqneJXuxvRJGTSUEG0brlObLyUKMOpYONCO9EsJnRAeqxlqSQh0146vXiMj6zSxUGkbEmDp+rviZSEWo9C33aGxPT1vDcR//NaiQkuvJTLODFM0tmiIBHYRHjyPu5yxagRI0sIVdzeimmfKEKNDalgQ3DnX14k9ZOye1Z2705LlassjjwcwCEcgwvnUIEbqEINKEh4hld4Qxq9oHf0MWvNoWxmH/4Aff4AVPWQtA==</latexit>

O = qqq qqq
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Gluebals (no dynamical quarks)

40

Hybrids (omitting strong decays)
<latexit sha1_base64="RX0f/37F2lowS3R1XXlHGZb+4bo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FD3qsYD+kXUqSZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWYeSQQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdJtgwwRVrWG4FayeaYUkEa5HRzdRvPTFteKwe7DhhocQDxSNOsXXSI+oSrBG5Jb1yxa/6M6BlEuSkAjnqvfJXtx/TVDJlqcDGdAI/sWGGteVUsEmpmxqWYDrCA9ZxVGHJTJjNDp6gE6f0URRrV8qimfp7IsPSmLEkrlNiOzSL3lT8z+ukNroKM66S1DJF54uiVCAbo+n3qM81o1aMHcFUc3crokOsMbUuo5ILIVh8eZk0z6rBRTW4P6/UrvM4inAEx3AKAVxCDe6gDg2gIOEZXuHN096L9+59zFsLXj5zCH/gff4AukyPtg==</latexit>

b̄Gb

Morningstar & Peardon 1999

<latexit sha1_base64="jZJLq8Rd7u92N6D5mfi9MX3nESE=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5CIqMeih3qsYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjuNyqtrW9sbpW3Kzu7e/sH1cOjlk4yRZlPE5GoTkg0E1wy33AjWCdVjMShYO1wfDfz209MaZ7IRzNJWRCToeQRp8RYyceNhuP0qzXXcefAq8QrSA0KNPvVr94goVnMpKGCaN313NQEOVGGU8GmlV6mWUromAxZ11JJYqaDfH7sFJ9ZZYCjRNmSBs/V3xM5ibWexKHtjIkZ6WVvJv7ndTMT3QQ5l2lmmKSLRVEmsEnw7HM84IpRIyaWEKq4vRXTEVGEGptPxYbgLb+8SloXjnfleA+XtfptEUcZTuAUzsGDa6jDPTTBBwocnuEV3pBEL+gdfSxaS6iYOYY/QJ8/W0SNvA==</latexit>

GG..

Ryan & Wilson (HadSpec)  2008.02656, JHEP

<latexit sha1_base64="VrcIyJgaVF2+8kB4V/N2xYrI93k=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahggwzIuqy6MZlBfuAzlAyaaYNzSTTJCOUoUs3/oobF4q49RPc+Tem7SBaPRA4nHMvN+eECaNKu+6nVVhYXFpeKa6W1tY3Nrfs7Z2GEqnEpI4FE7IVIkUY5aSuqWaklUiC4pCRZji4mvjNOyIVFfxWjxISxKjHaUQx0kbq2Ps+Fxr6WsCKHyIJh8Ojb3LsOE7HLruOOwX8S7yclEGOWsf+8LsCpzHhGjOkVNtzEx1kSGqKGRmX/FSRBOEB6pG2oRzFRAXZNMgYHhqlCyMhzeMaTtWfGxmKlRrFoZmMke6reW8i/ue1Ux1dBBnlSaoJx7NDUcqgyT1pBXapJFizkSEIS2r+CnEfSYS16a5kSvDmI/8ljRPHO3O8m9Ny9TKvowj2wAGoAA+cgyq4BjVQBxjcg0fwDF6sB+vJerXeZqMFK9/ZBb9gvX8BRW2XkQ==</latexit>

6! (q̄q)(q̄q), ...

<latexit sha1_base64="R8BAwkFHKsA8XnM0wgu7i+3EFek=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjsFcxFMEs0Ayhp5OTdKkp2fs7hHCkJ/w4kERr/6ON//GznLQxAcFj/eqqKoXJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBQGfuNJ1Sax/LeDBP0I9qTPOSMGis1Cbl9yKqVUadQdEvuBGSReDNShBmqncJXuxuzNEJpmKBatzw3MX5GleFM4CjfTjUmlA1oD1uWShqh9rPJvSNybJUuCWNlSxoyUX9PZDTSehgFtjOipq/nvbH4n9dKTXjlZ1wmqUHJpovCVBATk/HzpMsVMiOGllCmuL2VsD5VlBkbUd6G4M2/vEjqpyXvonR+d1YsX8/iyMEhHMEJeHAJZbiBKtSAgYBneIU359F5cd6dj2nrkjObOYA/cD5/APNlj0c=</latexit>

JPC
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Hadrons from one-channel scattering
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Scattering in Nonrelativistic QM, l=0

Sasa Prelovsek                              Exotic hadrons from lattice 42

outside the region of V

in (e-ipr) only in the first term 

0

Schwabl, chapter 18.3
dominant at small E

S(E)S=<out|in>

conservation of prob.

if  𝜆 >> object (low p) : l=0 dominant 

u: complicated

<latexit sha1_base64="uw/BNGs/MRZHjvgvZAtX0r/9kKU=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4qrtV1ItQFMFjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7OwuLS8sppby69vbG5tF3Z26zpKFKE1EvFINQOsKWeS1gwznDZjRbEIOG0Eg+ux33iiSrNI3pthTH2Be5KFjGBjpQcUP5Yvb47LolMouiV3AjRPvIwUIUO1U/hqdyOSCCoN4VjrlufGxk+xMoxwOsq3E01jTAa4R1uWSiyo9tPJwSN0aJUuCiNlSxo0UX9PpFhoPRSB7RTY9PWsNxb/81qJCS/8lMk4MVSS6aIw4chEaPw96jJFieFDSzBRzN6KSB8rTIzNKG9D8GZfnif1csk7K53cnRYrV1kcOdiHAzgCD86hArdQhRoQEPAMr/DmKOfFeXc+pq0LTjazB3/gfP4AFemPTA==</latexit>

p2 = E/2m

E
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(different normalizations of T are used) 

T= scattering amplitude: basic object of  these lectures

Scattering in Nonrelativistic QM, general l

r

for large r

<latexit sha1_base64="DAZ5gh3grHitl2r8u+n+OmBMiYs=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZlRUZdFNy4r2Id0hpJJM21oMglJRijDfIAbf8WNC0Xc+gHu/BvTdhbaeiBwOOdcbu4JJaPauO63U1haXlldK66XNja3tnfKu3stLRKFSRMLJlQnRJowGpOmoYaRjlQE8ZCRdji6nvjtB6I0FfGdGUsScDSIaUQxMlbqlSvQl5r6UglpBLzvpYxnfqQQTmFSVcdZqjJoU27NnQIuEi8nFZCj0St/+X2BE05igxnSuuu50gQpUoZiRrKSn2giER6hAelaGiNOdJBOj8ngkVX6MBLKvtjAqfp7IkVc6zEPbZIjM9Tz3kT8z+smJroMUhrLxJAYzxZFCYP27kkzsE8VwYaNLUFYUftXiIfIVmFsfyVbgjd/8iJpndS889rp7VmlfpXXUQQH4BBUgQcuQB3cgAZoAgwewTN4BW/Ok/PivDsfs2jByWf2wR84nz+WpZtU</latexit>

 / Ylm
u(r)

r

Homework: try to solve an example with Mathematica NDSolve

outside the region of V outgoing wave

Homework: show that all thee expr. are equivalent

<latexit sha1_base64="XZ2RGSBAPWiR0DLM1uG+JJ+sumk=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAILWKZUVGXRTcuFewFOmXIpJk2NJMJyRmhDH0QN76KGxeKuHEh+DamtQtt/SHw859zODlfqAQ34LpfTm5hcWl5Jb9aWFvf2Nwqbu80TJJqyuo0EYluhcQwwSWrAwfBWkozEoeCNcPB1bjevGfa8ETewVCxTkx6kkecErBRUDzBaSDKuuIrnShIsG+4LCt95EOkCc28UXY88hXHAh/6XSaABKISFEtu1Z0Izxtvakpoqpug+OF3E5rGTAIVxJi25yroZEQDp4KNCn5qmCJ0QHqsba0kMTOdbHLcCB/YpIujRNsnAU/S3xMZiY0ZxqHtjAn0zWxtHP5Xa6cQXXQyLlUKTNKfRVEqsKUwJoW7XDMKYmgNoZrbv2LaJ5YKWJ4FC8GbPXneNI6r3ln15Pa0VLuc4sijPbSPyshD56iGrtENqiOKHtATekGvzqPz7Lw57z+tOWc6s4v+yPn8BmnooPY=</latexit>

ul(r) / sin(pr � 1
2⇡l + �l)

<latexit sha1_base64="rN2AhzxWTvLCc0xCG9+Y4lF+usY="></latexit>

ul(r) / r
2 [h(2)

l (pr) + e2i�l h(1)
l (pr)]

<latexit sha1_base64="OflhLQvFZntCMrY+KiJod/jeGdw=">AAACEHicbZC7TsMwFIYdrqXcAowsFhWCqUoKAhakChY2itSb1ITIcZ3Uqp1EtoNUpXkEFl6FhQGEWBnZeBvcywAtv2Tp03/O0fH5/YRRqSzr21hYXFpeWS2sFdc3Nre2zZ3dpoxTgUkDxywWbR9JwmhEGooqRtqJIIj7jLT8/vWo3nogQtI4qqtBQlyOwogGFCOlLc88gk4gEM66jqQhR7mGW05ClF86MuUeg8O6x4b3Fc8sWWVrLDgP9hRKYKqaZ3453RinnEQKMyRlx7YS5WZIKIoZyYtOKkmCcB+FpKMxQpxINxsflMND7XRhEAv9IgXH7u+JDHEpB9zXnRypnpytjcz/ap1UBRduRqMkVSTCk0VByqCK4Sgd2KWCYMUGGhAWVP8V4h7SASmdYVGHYM+ePA/NStk+K5/cnZaqV9M4CmAfHIBjYINzUAU3oAYaAINH8AxewZvxZLwY78bHpHXBmM7sgT8yPn8ADOidOw==</latexit>

d�

d⌦
=

X

l

|Tl|2

ingoing wave

E

<latexit sha1_base64="uw/BNGs/MRZHjvgvZAtX0r/9kKU=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4qrtV1ItQFMFjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7OwuLS8sppby69vbG5tF3Z26zpKFKE1EvFINQOsKWeS1gwznDZjRbEIOG0Eg+ux33iiSrNI3pthTH2Be5KFjGBjpQcUP5Yvb47LolMouiV3AjRPvIwUIUO1U/hqdyOSCCoN4VjrlufGxk+xMoxwOsq3E01jTAa4R1uWSiyo9tPJwSN0aJUuCiNlSxo0UX9PpFhoPRSB7RTY9PWsNxb/81qJCS/8lMk4MVSS6aIw4chEaPw96jJFieFDSzBRzN6KSB8rTIzNKG9D8GZfnif1csk7K53cnRYrV1kcOdiHAzgCD86hArdQhRoQEPAMr/DmKOfFeXc+pq0LTjazB3/gfP4AFemPTA==</latexit>

p2 = E/2m



Example: phase shift for spherical well and l=0 

A sinqr B sin(pr +δ0 ) 

δ0 (p) = arctan
p
q
tan(qR)

⎛

⎝
⎜

⎞

⎠
⎟− pR+ nπ

44

𝑢 𝑅 = 𝐴 sin 𝑞𝑅 = 𝐵	sin(𝑝𝑅 + 𝛿)

𝑢′ 𝑅 = 𝑞	𝐴 cos 𝑞𝑅 = 𝑝	𝐵	cos(𝑝𝑅 + 𝛿)

1
𝑞
tan 𝑞𝑅 =

1
𝑝
tan(𝑝𝑅 + 𝛿)dividing both eqs

E > 0 : scattering
relations apply also for E < 0

p: momontum of a scattering particle in cmf

Sasa Prelovsek                              Exotic hadrons from lattice

u :

<latexit sha1_base64="BAz37Uua4MJLWPbu5HIGc4BPVko=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARBKEkVdSNUBTBZQX7gDaGyXTSDp2ZxJmJUEI2/oobF4q49TPc+TdO2yy09cCFwzn3cu89Qcyo0o7zbc3NLywuLRdWiqtr6xub9tZ2Q0WJxKSOIxbJVoAUYVSQuqaakVYsCeIBI81gcDXym49EKhqJOz2MicdRT9CQYqSN5Nu78OG+ctEJJcLp9VHDd7K0wn2Z+XbJKTtjwFni5qQEctR8+6vTjXDCidCYIaXarhNrL0VSU8xIVuwkisQID1CPtA0ViBPlpeMHMnhglC4MI2lKaDhWf0+kiCs15IHp5Ej31bQ3Ev/z2okOz72UijjRRODJojBhUEdwlAbsUkmwZkNDEJbU3ApxH5kwtMmsaEJwp1+eJY1K2T0tH9+elKqXeRwFsAf2wSFwwRmoghtQA3WAQQaewSt4s56sF+vd+pi0zln5zA74A+vzB13LlaQ=</latexit>

q2 =
E + V0

2mr

<latexit sha1_base64="JSTIGnFG3VUPAYQt3pZeTQQRbQ4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaSKuhGKIrisYB/QxjCZTtqhM5MwMxFCiL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7TxAzqrTjfFtLyyura+uljfLm1vbOrr2331ZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGF9P/M4jkYpG4l6nMfE4GgoaUoy0kXy7AuOH+mU/lAhnN3lW577Mfbvq1Jwp4CJxC1IFBZq+/dUfRDjhRGjMkFI914m1lyGpKWYkL/cTRWKEx2hIeoYKxInysunxOTwyygCGkTQlNJyqvycyxJVKeWA6OdIjNe9NxP+8XqLDCy+jIk40EXi2KEwY1BGcJAEHVBKsWWoIwpKaWyEeIROENnmVTQju/MuLpF2vuWe1k7vTauOqiKMEDsAhOAYuOAcNcAuaoAUwSMEzeAVv1pP1Yr1bH7PWJauYqYA/sD5/ABHclGs=</latexit>

p2 =
E

2mr

<latexit sha1_base64="OQIhvyIYNFhu12szxUZ9FndlXi0=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqlJKoqMuiCC6r2Ae0IUwmk3bo5MHMjVhCf8WNC0Xc+iPu/BunbRbaeuDC4Zx7ufceLxFcgWV9G0vLK6tr64WN4ubW9s6uuVdqqTiVlDVpLGLZ8YhigkesCRwE6ySSkdATrO0Nryd++5FJxePoAUYJc0LSj3jAKQEtuWYJ93wmgLhW5abacq3q/bFrlq2aNQVeJHZOyihHwzW/en5M05BFQAVRqmtbCTgZkcCpYONiL1UsIXRI+qyraURCppxsevsYH2nFx0EsdUWAp+rviYyESo1CT3eGBAZq3puI/3ndFIJLJ+NRkgKL6GxRkAoMMZ4EgX0uGQUx0oRQyfWtmA6IJBR0XEUdgj3/8iJpndTs89rp3Vm5fpXHUUAH6BBVkI0uUB3dogZqIoqe0DN6RW/G2Hgx3o2PWeuSkc/soz8wPn8APBaSoQ==</latexit>

�0(E, V0, R)



Bound state and virtual state in spherical-well potential 

45

<latexit sha1_base64="OdcLJqntF/YGuQhYNEB/oRSF3V4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI7aUkIupFqHrxWMF+QBvKZrtpl242cXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zreVW1ldW9/Ibxa2tnd2i/beflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uhm6rceqVQsEvd6HFMvxAPBAkawNlLPLqKkLCuXV13FRPlBVnp2yak6M6Bl4makBBnqPfur249IElKhCcdKdVwn1l6KpWaE00mhmygaYzLCA9oxVOCQKi+dHT5Bx0bpoyCSpoRGM/X3RIpDpcahbzpDrIdq0ZuK/3mdRAcXXspEnGgqyHxRkHCkIzRNAfWZpETzsSGYSGZuRWSIJSbaZFUwIbiLLy+T5knVPau6d6el2nUWRx4O4QjK4MI51OAW6tAAAgk8wyu8WU/Wi/Vufcxbc1Y2cwB/YH3+AOmAkfc=</latexit>

u(r) = A sin(qr)
<latexit sha1_base64="h1b8i4ln24UOA5v/VUPitXgzy8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxCi1ASEXUjlLpxWcE+oAllMr1ph04mYWYilNiFv+LGhSJu/Q13/o3Tx0JbD1w4nHMv994TJJwp7Tjf1tLyyuraem4jv7m1vbNr7+03VJxKCnUa81i2AqKAMwF1zTSHViKBRAGHZjC4GfvNB5CKxeJeDxPwI9ITLGSUaCN17EOcFmXpuuopJoqJPPW6wDUpdeyCU3YmwIvEnZECmqHWsb+8bkzTCISmnCjVdp1E+xmRmlEOo7yXKkgIHZAetA0VJALlZ5P7R/jEKF0cxtKU0Hii/p7ISKTUMApMZ0R0X817Y/E/r53q8MrPmEhSDYJOF4UpxzrG4zBwl0mgmg8NIVQycyumfSIJ1SayvAnBnX95kTTOyu5F2b07L1Sqszhy6AgdoyJy0SWqoFtUQ3VE0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP/qzlM4=</latexit>

u(r) = B sin(pr + �)

r
R

decreasing attraction

<latexit sha1_base64="Wyhfv28Qed/x0X6ZHG3sGJADIW0=">AAACAHicbZC7TsMwFIadcivlFmBgYHGpkFioEoSABamChbFI9CI1oXJcp7XqOJbtIFVpFl6FhQGEWHkMNt4Gt80AhV+y9Ok/5+j4/IFgVGnH+bIKC4tLyyvF1dLa+sbmlr2901RxIjFp4JjFsh0gRRjlpKGpZqQtJEFRwEgrGF5P6q0HIhWN+Z0eCeJHqM9pSDHSxuraexCS+5QKmXnlS69s+HgsxjLr2hWn6kwF/4KbQwXkqnftT68X4yQiXGOGlOq4jtB+iqSmmJGs5CWKCISHqE86BjmKiPLT6QEZPDROD4axNI9rOHV/TqQoUmoUBaYzQnqg5msT879aJ9HhhZ9SLhJNOJ4tChMGdQwnacAelQRrNjKAsKTmrxAPkERYm8xKJgR3/uS/0DypumdV9/a0UrvK4yiCfXAAjoALzkEN3IA6aAAMMvAEXsCr9Wg9W2/W+6y1YOUzu+CXrI9vrPCV1g==</latexit>

eipr=e�|p|r

p = i |p| p = - i |p|
<latexit sha1_base64="rvlHt4RTzPomlqyyBlRLpGJ6AFc=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4ya1CK7KjIi6EYpuXFawF+iMJZNm2tBMJiQZoUxn4au4caGIW1/DnW9j2s5CW38IfPznHM7JHwhGlXacb6uwtLyyulZcL21sbm3v2Lt7TRUnEpMGjlks2wFShFFOGppqRtpCEhQFjLSC4c2k3nokUtGY3+uRIH6E+pyGFCNtrK59ACF5SKmQmVe+8sqGx2Iss65dcarOVHAR3BwqIFe9a395vRgnEeEaM6RUx3WE9lMkNcWMZCUvUUQgPER90jHIUUSUn07vz+CxcXowjKV5XMOp+3siRZFSoygwnRHSAzVfm5j/1TqJDi/9lHKRaMLxbFGYMKhjOAkD9qgkWLORAYQlNbdCPEASYW0iK5kQ3PkvL0LztOqeV927s0rtOo+jCA7BETgBLrgANXAL6qABMBiDZ/AK3qwn68V6tz5mrQUrn9kHf2R9/gA885Wf</latexit>

eipr=e|p|r

l=0

p cot𝛿

p2

i p, p = - i |p| 

i p, p = i|p| 

p 
|T

|2
 [a

rb
itr

ar
y 

sc
.]

W

<latexit sha1_base64="+fz9S4M2fDCyq6ffnSixBawRZJA=">AAACC3icbVC7SgNBFJ31GeMramkzJAg2hl0RtQzaWEbIC7JLmJ2dTYbM7gwzd4WwpLfxV2wsFLH1B+z8GyePQhMPXDiccy/33hMqwQ247rezsrq2vrFZ2Cpu7+zu7ZcODltGZpqyJpVC6k5IDBM8ZU3gIFhHaUaSULB2OLyd+O0Hpg2XaQNGigUJ6ac85pSAlXqlMsYNX2mpQPqxJjT3xrnyqQQ/YgLIGVfjXqniVt0p8DLx5qSC5qj3Sl9+JGmWsBSoIMZ0PVdBkBMNnAo2LvqZYYrQIemzrqUpSZgJ8ukvY3xilQjHUttKAU/V3xM5SYwZJaHtTAgMzKI3Ef/zuhnE10HOU5UBS+lsUZwJDBJPgsER14yCGFlCqOb2VkwHxEYCNr6iDcFbfHmZtM6r3mXVu7+o1G7mcRTQMSqjU+ShK1RDd6iOmoiiR/SMXtGb8+S8OO/Ox6x1xZnPHKE/cD5/ADnGmzA=</latexit>

T / 1

p cot � � ip

Sasa Prelovsek                              Exotic hadrons from lattice

<latexit sha1_base64="mazb0970JojN35Q8uf+F2WEfF3o=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPdtGs3u2F3IoTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFieAGPe/bWVldW9/YLG2Vt3d29/YrB4cto1JNWZMqoXQnJIYJLlkTOQrWSTQjcShYOxzfTv32E9OGK/mAWcKCmAwljzglaKVWj8sIs36l6tW8Gdxl4hekCgUa/cpXb6BoGjOJVBBjur6XYJATjZwKNin3UsMSQsdkyLqWShIzE+SzayfuqVUGbqS0LYnuTP09kZPYmCwObWdMcGQWvan4n9dNMboOci6TFJmk80VRKlxU7vR1d8A1oygySwjV3N7q0hHRhKINqGxD8BdfXiat85p/WfPvL6r1myKOEhzDCZyBD1dQhztoQBMoPMIzvMKbo5wX5935mLeuOMXMEfyB8/kDxCePQg==</latexit>1pn                                     nn



Resonance in quantum mechanical scattering 
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Bound st.          Resonance

p = i |p|, sheet I            sheet II

Virtual bound st.

p = - i |p|, sheet II

<latexit sha1_base64="gg+Bkn7RnYX4BoCQllMUcLQ+tYg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btbhJ2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4bua3n1BpHkcPZpKgL+kw4iFn1FipIfvlilt15yCrxMtJBXLU++Wv3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtjahE7WfzQ6fkzCoDEsbKVmTIXP09kVGp9UQGtlNSM9LL3kz8z+umJrzxMx4lqcGILRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB14WM9w==</latexit>m
<latexit sha1_base64="eLDBI1MxttFlOQ6PPkrnSwGJy7M=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5IUUY9FD3qsYD+gCWWy3bRLd5OwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9mG1o+JUEtomMY9lLwBFOYtoWzPNaS+RFETAaTeY3Mz87iOVisXRg54m1BcwiljICGgjDeyqp0MJJHPzrJF7tyAEDOyaU3fmwKvELUgNFWgN7C9vGJNU0EgTDkr1XSfRfgZSM8JpXvFSRRMgExjRvqERCKr8bH57jk+NMsRhLE1FGs/V3xMZCKWmIjCdAvRYLXsz8T+vn+rwys9YlKSaRmSxKEw51jGeBYGHTFKi+dQQIJKZWzEZg8lCm7gqJgR3+eVV0mnU3Yu6e39ea14XcZTRMTpBZ8hFl6iJ7lALtRFBT+gZvaI3K7derHfrY9FasoqZI/QH1ucP9IOUYw==</latexit>

1
2�

E.= 𝑚$
% + 𝑝% + 𝑚%

% + 𝑝%	

pole locations in T(E)

in complex energy plane

E = ENR + m1 + m2

no resonance for fully attractive potential for l=0

V(r)



States from one-channel scattering

9

Scattering amplitude T(E)  from lattice QCD

En

analytic relation: 
Luscher 1991

generalizations by many authors 

<latexit sha1_base64="Y3byoQSLRiKo76Hv9s+biCQZJi4=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFiEdlNmpKjLohRcVugLOmPJpGkbmnmQZIQydOnGX3HjQhG3foI7/8a0HURbL4ScnHMvN+d4EWdSWdaXkVlZXVvfyG7mtrZ3dvfM/YOmDGNBaIOEPBRtD0vKWUAbiilO25Gg2Pc4bXmj66neuqdCsjCoq3FEXR8PAtZnBCtNdc1jhKoOQo4KkYPqhWpRXz+PO1LsmnmrZM0KLQM7BXlIq9Y1P51eSGKfBopwLGXHtiLlJlgoRjid5JxY0giTER7QjoYB9ql0k5mRCTrVTA/1Q6FPoNCM/T2RYF/Kse/pTh+roVzUpuR/WidW/Us3YUEUKxqQ+aJ+zJF2Ok0F9ZigRPGxBpgIpv+KyBALTJTOLqdDsBctL4PmWck+L5Vvy/nKVRpHFo7gBApgwwVU4AZq0AACD/AEL/BqPBrPxpvxPm/NGOnMIfwp4+Mbo/uV8g==</latexit>

E ! T (E) ! T (Ec)
for real Ereal E for complex E

analytic contin.
 to complex E

scattering amplitude T(E)

<latexit sha1_base64="qSHanakOI6zOXcbOsIB+l7QhYNA=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoEctMKeqyKEWXFfqCzrRk0kwbmswMSUYoQ7/Bjb/ixoUibl2582/MtF1o9UDgcM693JzjRYxKZVlfRmZldW19I7uZ29re2d0z9w9aMowFJk0cslB0PCQJowFpKqoY6USCIO4x0vbG16nfvidC0jBoqElEXI6GAfUpRkpLfbMIG4Va0YlEGKkQQscXCCf2NKn1yme8Vz6lNecGcY6mub6Zt0rWDPAvsRckDxao981PZxDimJNAYYak7NpWpNwECUUxI9OcE0sSITxGQ9LVNECcSDeZRZrCE60MoB8K/QIFZ+rPjQRxKSfc05McqZFc9lLxP68bK//STWgQxYoEeH7IjxnU6dN+4IAKghWbaIKwoPqvEI+QbkXpFtMS7OXIf0mrXLLPS5W7Sr56tagjC47AMSgAG1yAKrgFddAEGDyAJ/ACXo1H49l4M97noxljsXMIfsH4+AYAe5vS</latexit>

T (E) / 1

E2 �m2 + iE�

Bound st.          Resonance

p = i |p|, sheet I            sheet II

Virtual bound st.

p = - i |p|, sheet II

<latexit sha1_base64="tmP022e6H/PUEqxHRRe/rEbHy/4=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoC0tSirosSsFlhb6gSctkOmmHTjJhZiKU0K0bf8WNC0Xc+gfu/BsnbRbaemDgcM693DnHixiVyrK+jdza+sbmVn67sLO7t39gHh61JY8FJi3MGRddD0nCaEhaiipGupEgKPAY6XiT29TvPBAhKQ+bahoRN0CjkPoUI6WlgQlhs1Q/dyLBI8UhdHyBcGLPknq/chH0K7PCwCxaZWsOuErsjBRBhsbA/HKGHMcBCRVmSMqebUXKTZBQFDMyKzixJBHCEzQiPU1DFBDpJvMkM3imlSH0udAvVHCu/t5IUCDlNPD0ZIDUWC57qfif14uVf+0mNIxiRUK8OOTHDOrQaS1wSAXBik01QVhQ/VeIx0iXoXR5aQn2cuRV0q6U7cty9b5arN1kdeTBCTgFJWCDK1ADd6ABWgCDR/AMXsGb8WS8GO/Gx2I0Z2Q7x+APjM8flb2YYA==</latexit>

T (E) / 1

E2 �m2

(p)

(-p)

<latexit sha1_base64="gg+Bkn7RnYX4BoCQllMUcLQ+tYg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btbhJ2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4bua3n1BpHkcPZpKgL+kw4iFn1FipIfvlilt15yCrxMtJBXLU++Wv3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtjahE7WfzQ6fkzCoDEsbKVmTIXP09kVGp9UQGtlNSM9LL3kz8z+umJrzxMx4lqcGILRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB14WM9w==</latexit>m
<latexit sha1_base64="eLDBI1MxttFlOQ6PPkrnSwGJy7M=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5IUUY9FD3qsYD+gCWWy3bRLd5OwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9mG1o+JUEtomMY9lLwBFOYtoWzPNaS+RFETAaTeY3Mz87iOVisXRg54m1BcwiljICGgjDeyqp0MJJHPzrJF7tyAEDOyaU3fmwKvELUgNFWgN7C9vGJNU0EgTDkr1XSfRfgZSM8JpXvFSRRMgExjRvqERCKr8bH57jk+NMsRhLE1FGs/V3xMZCKWmIjCdAvRYLXsz8T+vn+rwys9YlKSaRmSxKEw51jGeBYGHTFKi+dQQIJKZWzEZg8lCm7gqJgR3+eVV0mnU3Yu6e39ea14XcZTRMTpBZ8hFl6iJ7lALtRFBT+gZvaI3K7derHfrY9FasoqZI/QH1ucP9IOUYw==</latexit>

1
2�

R

bound st.

<latexit sha1_base64="mEIbKOt9zeyu4gU2NQ51tkcikxU=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBAiQtwNol6EoAQ8KiYaSGKYnfQmg7MPZnqFsGz+wou/4sWDIl69+TdOHgc1FjTUVHUz3eVGUmi07S9rZnZufmExs5RdXlldW89tbN7oMFYcajyUoaq7TIMUAdRQoIR6pID5roRb9/586N8+gNIiDKrYj6Dls24gPMEZGqmdO7guVPZO4S4piWYHJDLzTE+d/RIVA9pETzGelKI0qaR0UDVeO5e3i/YIdJo4E5InE1y2c5/NTshjHwLkkmndcOwIWwlTKLiENNuMNUSM37MuNAwNmA+6lYwOS+muUTrUC5WpAOlI/TmRMF/rvu+aTp9hT//1huJ/XiNG76SViCCKEQI+/siLJcWQDlOiHaGAo+wbwrgSZlfKe8yEgSbLrAnB+XvyNLkpFZ2jonN1mC+fTeLIkG2yQwrEIcekTC7IJakRTh7JM3klb9aT9WK9Wx/j1hlrMrNFfsH6/Aa8gp28</latexit>

S(E) = e2i�(E) = 1 + 2i 2p
E T (E)

<latexit sha1_base64="UFPDctFivBO77bAjOgH8RbbG/5c=">AAACEHicbVDLSgMxFM34rPU16tJNsIhuLDMi6rLoxmWFvqBTSibNtKGZSUjuCGXoJ7jxV9y4UMStS3f+jZm2C209EDiccy8354RKcAOe9+0sLa+srq0XNoqbW9s7u+7efsPIVFNWp1JI3QqJYYInrA4cBGspzUgcCtYMh7e533xg2nCZ1GCkWCcm/YRHnBKwUtc9CUDiANcCpaXKaaQJzfxxpgIqIegxAeSMq3HXLXllbwK8SPwZKaEZql33K+hJmsYsASqIMW3fU9DJiAZOBRsXg9QwReiQ9Fnb0oTEzHSySaAxPrZKD0dS25cAnqi/NzISGzOKQzsZExiYeS8X//PaKUTXnYwnKgWW0OmhKBXYJs/bwT2uGQUxsoRQze1fMR0QWwnYDou2BH8+8iJpnJf9y7J/f1Gq3MzqKKBDdIROkY+uUAXdoSqqI4oe0TN6RW/Ok/PivDsf09ElZ7ZzgP7A+fwB1MCdHQ==</latexit>

! T / 1

p cot � � ip

Sasa Prelovsek                              Exotic hadrons from lattice

p2<0

E.= 𝑚$
% + 𝑝% + 𝑚%

% + 𝑝%	

<latexit sha1_base64="V+EazvchjCVur2xbvi2fa7n7HYU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqJsyU7wtiyK4rNAbdMaSSdM2NDMJSUYo04IbX8WNC0Xc+hLufBvTdhba+kPg4z/ncHL+QDCqtON8W5ml5ZXVtex6bmNza3vH3t2rKx5LTGqYMy6bAVKE0YjUNNWMNIUkKAwYaQSD60m98UCkojyq6qEgfoh6Ee1SjLSx2vYBhJ6ivRAVbk48IbnQfFQ1PLovte28U3SmgovgppAHqSpt+8vrcByHJNKYIaVariO0nyCpKWZknPNiRQTCA9QjLYMRConyk+kNY3hsnA7scmlepOHU/T2RoFCpYRiYzhDpvpqvTcz/aq1Ydy/9hEYi1iTCs0XdmEHN4SQQ2KGSYM2GBhCW1PwV4j6SCGsTW86E4M6fvAj1UtE9L57dnebLV2kcWXAIjkABuOAClMEtqIAawOARPINX8GY9WS/Wu/Uxa81Y6cw++CPr8wfnk5Zu</latexit>

�(E) / |T (E)|2
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Relation between E and δ(E) , T(E) [Luscher 1991]
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Relation between E and δ(E) , T(E):   1D quantum mechanics

periodic boundary condition

p= n 2π/L

relation between δ, L and p or E

𝜓

𝜓

x=R

E=p2/2m

<latexit sha1_base64="mEIbKOt9zeyu4gU2NQ51tkcikxU=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBAiQtwNol6EoAQ8KiYaSGKYnfQmg7MPZnqFsGz+wou/4sWDIl69+TdOHgc1FjTUVHUz3eVGUmi07S9rZnZufmExs5RdXlldW89tbN7oMFYcajyUoaq7TIMUAdRQoIR6pID5roRb9/586N8+gNIiDKrYj6Dls24gPMEZGqmdO7guVPZO4S4piWYHJDLzTE+d/RIVA9pETzGelKI0qaR0UDVeO5e3i/YIdJo4E5InE1y2c5/NTshjHwLkkmndcOwIWwlTKLiENNuMNUSM37MuNAwNmA+6lYwOS+muUTrUC5WpAOlI/TmRMF/rvu+aTp9hT//1huJ/XiNG76SViCCKEQI+/siLJcWQDlOiHaGAo+wbwrgSZlfKe8yEgSbLrAnB+XvyNLkpFZ2jonN1mC+fTeLIkG2yQwrEIcekTC7IJakRTh7JM3klb9aT9WK9Wx/j1hlrMrNFfsH6/Aa8gp28</latexit>

S(E) = e2i�(E) = 1 + 2i 2p
E T (E)

<latexit sha1_base64="2rs6mTD+tN5EB/xSqu28JQpILsU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosSsFlhb6gCWUymbRDJw9mboQair/ixoUibv0Pd/6N0zYLrR6Y4XDOvdx7j5cIrsCyvozC0vLK6lpxvbSxubW9Y+7utVWcSspaNBax7HpEMcEj1gIOgnUTyUjoCdbxRjdTv3PPpOJx1IRxwtyQDCIecEpAS33zANcdiLHjMwGkUj85beqvb5atqjUD/kvsnJRRjkbf/HT8mKYhi4AKolTPthJwMyKBU8EmJSdVLCF0RAasp2lEQqbcbLb9BB9rxcdBLPWLAM/Unx0ZCZUah56uDAkM1aI3Ff/zeikEV27GoyQFFtH5oCAVWN87jQL7XDIKYqwJoZLrXTEdEkko6MBKOgR78eS/pH1WtS+q9t15uXadx1FEh+gIVZCNLlEN3aIGaiGKHtATekGvxqPxbLwZ7/PSgpH37KNfMD6+AX2Rk08=</latexit>

E ! �(E), T (E)
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derivation of relation

x=-R
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considerations 

for L=finite; a→0

L, periodic BC

En for non-interacting two-hadron system  (P=0)

a

L

<latexit sha1_base64="Vyp6U9eKkru5VhE1tA3sU8vecUE="></latexit>

En.i. =
q

m2
1 + ~p2 +

q
m2

2 + (�~p)2

<latexit sha1_base64="pfeJD8yi4XakvrZLB6j59UJY/DI=">AAACCnicbVC7TsMwFHXKq4RXgJHFUCExVUlBwIJUwcLAUCT6kJqoclynteo4ke1UqqLMLPwKCwMIsfIFbPwNbpoBWo50dY/OuVf2PX7MqFS2/W2UlpZXVtfK6+bG5tb2jrW715JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7qZ+u0xEZJG/EFNYuKFaMBpQDFSWupZhxC6Y4JhfJU37qpAIJzW3Jhm6V1mmrBnVeyqnQMuEqcgFVCg0bO+3H6Ek5BwhRmSsuvYsfJSJBTFjGSmm0gSIzxCA9LVlKOQSC/NT8ngsVb6MIiELq5grv7eSFEo5ST09WSI1FDOe1PxP6+bqODSSymPE0U4nj0UJAyqCE5zgX0qCFZsognCguq/QjxEOgul0zN1CM78yYukVas659XT+7NK/bqIowwOwBE4AQ64AHVwCxqgCTB4BM/gFbwZT8aL8W58zEZLRrGzD/7A+PwBx9OZDw==</latexit>

~p = ~n 2⇡
L

<latexit sha1_base64="sJBhwxUxGaOGZN1FdiWRcVR8p6E=">AAAB9HicbVDLSgNBEOyNr7i+oh69DAbBi2FXRT0GvXiMYB6QLGF20psMmX04MxsIS77DiwdFvPox3vwbJ8keNLGgoajqprvLTwRX2nG+rcLK6tr6RnHT3tre2d0r7R80VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94N/WbI5SKx9GjHifohbQf8YAzqo3kkTPSGSEjCbFt0i2VnYozA1kmbk7KkKPWLX11ejFLQ4w0E1Sptusk2suo1JwJnNidVGFC2ZD2sW1oRENUXjY7ekJOjNIjQSxNRZrM1N8TGQ2VGoe+6QypHqhFbyr+57VTHdx4GY+SVGPE5ouCVBAdk2kCpMclMi3GhlAmubmVsAGVlGmTk21CcBdfXiaN84p7Vbl4uCxXb/M4inAEx3AKLlxDFe6hBnVg8ATP8Apv1sh6sd6tj3lrwcpnDuEPrM8fbj2P7w==</latexit>

�~p

H1H2



Relation between En and scattering amlitude in QFT
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original: Luscher 1991

Nucl. Phys. B354 (1991) 531-578 

mostly following reference:

Kim, Sachrajda, Sharpe 2005

hep-lat/0507006

inspired also by 

• INT 2021 lectures by Raul Briceno

        https://www.youtube.com/playlist?list=PLDi14w7i5C3Bm3U1IQ4n596UZQhOpr1Cx

• R. Briceno, J. Dudek, R. Young
       1706.06223, Rev. Mod. Phys

Differences with respect to Kim, Sachrajda, Sharpe 2005 [KSS]: 

(*) KSS considers two identical scalar particles with mass m

I'll consider non-identical degenerate scalar particles with mass m1=m2=m

(*) I’ll consider total three-momentum zero, KSS considers general total three momentum 

(*) I denote on-shell momemtum p which satisfies E=2(m2+p2)1/2 [it is cmf momenum as P=0],

      KSS denotes on-shell cmf momentum q* 

https://www.youtube.com/playlist?list=PLDi14w7i5C3Bm3U1IQ4n596UZQhOpr1Cx
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Summarizing: relation between En and M∝ 𝑇

H2(p)H1(-p)

E.= 𝑚!
" + 𝑝" + 𝑚"

" + 𝑝"	

E=eigen-energy from a lattice simulation
p= on-shell momentum; momentum in region outside V (QM)

Luscher's quantization condition

Fl'm',lm(E,L)   known kinematical fun.

det: in l,m indices

<latexit sha1_base64="0S5nTtWUSvtG2GWzOMG6asLYJ0E=">AAACKXicbVBdS8MwFE3n15xfUx99CQ7pBBmtivoiDEXwRZjgPmAbJU2zLSxpS5IKo9Sf44t/xRcFRX31j5htFebmgcC559zLzT1uyKhUlvVpZObmFxaXssu5ldW19Y385lZNBpHApIoDFoiGiyRh1CdVRRUjjVAQxF1G6m7/cujX74mQNPDv1CAkbY66Pu1QjJSWnHwZwriFEYM3iRMzk5sHjCfFq/3zCXVYP7Q8whTSFTOTX865mTj5glWyRoCzxE5JAaSoOPnXlhfgiBNfYYakbNpWqNoxEopiRpJcK5IkRLiPuqSpqY84ke14dGkC97TiwU4g9PMVHKmTEzHiUg64qzs5Uj057Q3F/7xmpDpn7Zj6YaSIj8eLOhGDKoDD2KBHBcGKDTRBWFD9V4h7SCCsdLg5HYI9ffIsqR2W7JPS0e1xoXyRxpEFO2AXFIENTkEZXIMKqAIMHsEzeAPvxpPxYnwYX+PWjJHObIM/ML5/AAn7pfw=</latexit>

Ml0m0,lm(E) = Ml(E) �ll0�mm0

if only one partial-wave l contributes: 

<latexit sha1_base64="64I9HXuRV9S9bMck6tH20+jm49o=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUuiom6EoihuhAr2AUksk8mkHTp5MDMRSsjOjb/ixoUibv0Fd/6N0zYLtR64l8M59zJzjxszKqRhfGmFqemZ2bnifGlhcWl5RV9da4oo4Zg0cMQi3naRIIyGpCGpZKQdc4ICl5GW2z8f+q17wgWNwls5iIkToG5IfYqRVFJH37Q9Iq3UxojB6+wu3TOzysXOLr1U3Tk1OnrZqBojwEli5qQMctQ7+qftRTgJSCgxQ0JYphFLJ0VcUsxIVrITQWKE+6hLLEVDFBDhpKM7MritFA/6EVcVSjhSf26kKBBiELhqMkCyJ/56Q/E/z0qkf+KkNIwTSUI8fshPGJQRHIYCPcoJlmygCMKcqr9C3EMcYamiK6kQzL8nT5LmftU8qh7cHJZrZ3kcRbABtkAFmOAY1MAVqIMGwOABPIEX8Ko9as/am/Y+Hi1o+c46+AXt4xu6HJdI</latexit>

det[M�1(E) + iF (E)] = 0

<latexit sha1_base64="urCNNflbvNb6xdfZdAuR2cH8gWo=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEi1EVLoqJuhKIoboQK9gJtDJPppB06mYSZiVBCdm58FTcuFHHrK7jzbZy2WWj1h4GP/5zDmfN7EaNSWdaXkZuZnZtfyC8WlpZXVtfM9Y2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMNL3B+ajevCdC0pDfqmFEnAD1OPUpRkpbrrmddDBi8Dp12V1SttPSxd5pmV66CWMjds2iVbHGgn/BzqAIMtVc87PTDXEcEK4wQ1K2bStSToKEopiRtNCJJYkQHqAeaWvkKCDSScZ3pHBXO13oh0I/ruDY/TmRoEDKYeDpzgCpvpyujcz/au1Y+SdOQnkUK8LxZJEfM6hCOAoFdqkgWLGhBoQF1X+FuI8EwkpHV9Ah2NMn/4XGfsU+qhzcHBarZ1kcebAFdkAJ2OAYVMEVqIE6wOABPIEX8Go8Gs/Gm/E+ac0Z2cwm+CXj4xtyI5fD</latexit>

M�1
l (E) = �iFll(E)

En

Luscher 1991



Scatting amplitude in QFT
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kernel K =  sum of amputated two-particle irreducible (2PI) s-channel diagrams 

fully dressed and renormalized scalar particle propagator =  

example: QFT with two scalar non-identical fields with m1=m2=m, CMF: P=(E,0)
<latexit sha1_base64="c6r0/1f3k9p5lzJYD+adb/DU1YE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgFENSRV0W3bisYB/QpGUynbRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3TNgttPXDhcM693HuPHzMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsf30z99gMRkkb8Xk1i4oVoyGlAMVJa6ptlNxAIpzRL417tNOzVqtQlsaQs4hmsQsuyYN+s2JY9A1wmTk4qIEejb365gwgnIeEKMyRl17Fj5aVIKIoZyUpuIkmM8BgNSVdTjkIivXT2SwaPtTKAQSR0cQVn6u+JFIVSTkJfd4ZIjeSiNxX/87qJCq68lPI4UYTj+aIgYVBFcBoMHFBBsGITTRAWVN8K8QjpcJSOr6RDcBZfXiatmuVcWGd355X6dR5HERyBMjgBDrgEdXALGqAJMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4/AGq+ZmB</latexit>

i

p2 �m2 + i✏
+ ...

nonsingular terms 

at p2=m2

Z=1

scattering amplitude

E < 3m 

this is not 2PI in s-channel

integral over mom.
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Ø  finite volume C(E) has a pole at En  :   C(En) = ∞ 

Ø  finite volume C(E) depends on K, which is related to infinite volume M ∝ 𝑇	

this will give us relation between En and M(En) 

En and M(En) are related via correlation function C in finite volume  derivation in Minkovski space as in 

Kim, Sachrajda, Sharpe

<latexit sha1_base64="XLgdOczDXBNrRwtjo3XjKvIsF6w=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCXVhmRKoboVoEN0IFe4F2HDJp2oYmmSHJCGWoSze+ihsXirj1Ddz5NqbtLLT1wIGP/z+H5PxBxKjSjvNtzc0vLC4tZ1ayq2vrG5v21nZNhbHEpIpDFspGgBRhVJCqppqRRiQJ4gEj9aBfHvn1eyIVDcWtHkTE46graIdipI3k27Cc1/71wVlLxdwX8Nz0A7lLDumlIeMMfTvnFJxxwVlwU8iBtCq+/dVqhzjmRGjMkFJN14m0lyCpKWZkmG3FikQI91GXNA0KxInykvElQ7hvlDbshNK00HCs/t5IEFdqwAMzyZHuqWlvJP7nNWPdOfUSKqJYE4EnD3ViBnUIR7HANpUEazYwgLCk5q8Q95BEWJvwsiYEd/rkWagdFdxioXhznCtdpHFkwC7YA3ngghNQAlegAqoAg0fwDF7Bm/VkvVjv1sdkdM5Kd3bAn7I+fwBFgJjU</latexit>

C(tM ) =
X

n

An e�iEntM

<latexit sha1_base64="4X52G276MK8GysUnvsM1vc4L/Jo="></latexit>

C(E) /
Z

C(tM ) eiEtM dtM =
X

n

An

Z
e�iEntM eiEtM dtM

sum over mom.

in the box

+ ... 



Bubble diagram: difference between inf. and finite volume

55

L,R correspond to K or source/sink

up to neglected e-mL corrections

Poisson summation formula

for g(k) that has no singularities for real k

closing contour downwards: 

blue pole: no singularities in physical region of interest: 

                   this can lead only to  exp. small corrections which we neglect



Bubble diagram, cont'

56

P=(E,0)
O(e-mL)

only pole is at

when both particles come on-shell.

This happens in physical scattering 

for k that equals on-shell mom

<latexit sha1_base64="PqoQZnp9zrAaLBkL24qjbRV0zBs=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRF1I1QFMFlBfuAJoTJ9KYdOnkwMymWkF9x40IRt/6IO//GaZuFth64cDjnXu69x084k8qyvo3S2vrG5lZ5u7Kzu7d/YB5WOzJOBYU2jXksej6RwFkEbcUUh14igIQ+h64/vp353QkIyeLoUU0TcEMyjFjAKFFa8szq3XXDiUMYEi9zJkDxOPfMmlW35sCrxC5IDRVoeeaXM4hpGkKkKCdS9m0rUW5GhGKUQ15xUgkJoWMyhL6mEQlButn89hyfamWAg1joihSeq78nMhJKOQ193RkSNZLL3kz8z+unKrhyMxYlqYKILhYFKccqxrMg8IAJoIpPNSFUMH0rpiMiCFU6rooOwV5+eZV0GnX7om4/nNeaN0UcZXSMTtAZstElaqJ71EJtRNETekav6M3IjRfj3fhYtJaMYuYI/YHx+QNOQZP6</latexit>

E = 2!~k

<latexit sha1_base64="/0bIA8J+4Zo1YyNqLSDdBRJnSnk=">AAACFXicbVDLSgMxFM34rPU16tJNsAhCpcwUUTdCUQSXFewDOtOSSdM2NMmMSaZQhv6EG3/FjQtF3Aru/BvTdhba9sCFwzn3cu89QcSo0o7zYy0tr6yurWc2sptb2zu79t5+VYWxxKSCQxbKeoAUYVSQiqaakXokCeIBI7WgfzP2awMiFQ3Fgx5GxOeoK2iHYqSN1LJP4e2Vpx6lTnizmPcGBMOoWRzB/CKxZeecgjMBnCduSnIgRbllf3vtEMecCI0ZUqrhOpH2EyQ1xYyMsl6sSIRwH3VJw1CBOFF+MvlqBI+N0oadUJoSGk7UvxMJ4koNeWA6OdI9NeuNxUVeI9adSz+hIoo1EXi6qBMzqEM4jgi2qSRYs6EhCEtqboW4hyTC2gSZNSG4sy/Pk2qx4J4X3PuzXOk6jSMDDsEROAEuuAAlcAfKoAIweAIv4A28W8/Wq/VhfU5bl6x05gD8g/X1C/4wnXY=</latexit>

E =
p

m2 + ~p2 +
p

m2 + ~p2

<latexit sha1_base64="5j/LVkWZZ8Jxorz5gJjmSn0uITU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7m0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZqE9IdIyOjXrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzeKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7HnS5wqZERNLKFPc3krYkCrKjI2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgIeIZXeHOenBfn3flYtBacfOYY/sD5/AHdYI81</latexit>

~k

<latexit sha1_base64="v68FK7qVuH2rEQhQcl7iVZY47Uo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+yFtKJvtpF262YTdTaGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8Hwbuo3R6g0j+WjGSfoR7QvecgZNVZ6IuS8M0JGht1S2a24M5Bl4uWkDDlq3dJXpxezNEJpmKBatz03MX5GleFM4KTYSTUmlA1pH9uWShqh9rPZwRNyapUeCWNlSxoyU39PZDTSehwFtjOiZqAXvan4n9dOTXjjZ1wmqUHJ5ovCVBATk+n3pMcVMiPGllCmuL2VsAFVlBmbUdGG4C2+vEwaFxXvquI9XJart3kcBTiGEzgDD66hCvdQgzowiOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBR+OPbA==</latexit>

�~k <latexit sha1_base64="It0fYxUr2kTolCYcwsp1rJVXyQ4=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+yFtKJvtpF262YTdTaGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8Hwbuo3R6g0j+WjGSfoR7QvecgZNVZ6IuS8M0JGkm6p7FbcGcgy8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFLspBoTyoa0j21LJY1Q+9ns4Ak5tUqPhLGyJQ2Zqb8nMhppPY4C2xlRM9CL3lT8z2unJrzxMy6T1KBk80VhKoiJyfR70uMKmRFjSyhT3N5K2IAqyozNqGhD8BZfXiaNi4p3VfEeLsvV2zyOAhzDCZyBB9dQhXuoQR0YRPAMr/DmKOfFeXc+5q0rTj5zBH/gfP4AT3ePcQ==</latexit>

�~p

<latexit sha1_base64="qTMuf8dn+AKFNSN52d6qg54FKeI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7m0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZqE9IdIyNJr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7vlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jzpc4XMiIkllClubyVsSBVlxkZUsiF4yy+vkuZF1buqeg+XldptHkcRTuAUzsGDa6jBPdShAQwEPMMrvDlPzovz7nwsWgtOPnMMf+B8/gDk9I86</latexit>

~p

<latexit sha1_base64="FrgO8vhegRfBeOeHxl04jnQqj1s=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0oWy2k3bpJll3N5WS9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5geBMacf5tgpr6xubW8Xt0s7u3v6BXT5sqiSVFBo04YlsB0QBZzE0NNMc2kICiQIOrWB4O/NbI5CKJfGDHgvwI9KPWcgo0Ubq2mUsPHhM2WiCvRFQLCZdu+JUnTnwKnFzUkE56l37y+slNI0g1pQTpTquI7SfEakZ5TAteakCQeiQ9KFjaEwiUH42P32KT43Sw2EiTcUaz9XfExmJlBpHgemMiB6oZW8m/ud1Uh1e+xmLRaohpotFYcqxTvAsB9xjEqjmY0MIlczciumASEK1SatkQnCXX14lzfOqe1l17y8qtZs8jiI6RifoDLnoCtXQHaqjBqLoCT2jV/RmTawX6936WLQWrHzmCP2B9fkDyXeTsw==</latexit>

p ⌘ |~p|

<latexit sha1_base64="QXp1ZS+wEcMYvRJhvSnHfkSr1QI=">AAAB+3icbZDLSgNBEEVr4ivG1xiXbhqD4CrMiKgbIejGZQTzgGQIPZ2apEnPg+6eYEjyK25cKOLWH3Hn39hJZqGJFxoOt6qo6usngivtON9Wbm19Y3Mrv13Y2d3bP7APi3UVp5JhjcUilk2fKhQ8wprmWmAzkUhDX2DDH9zN6o0hSsXj6FGPEvRC2ot4wBnVxurYRTJpD5GRweRmAcmkY5ecsjMXWQU3gxJkqnbsr3Y3ZmmIkWaCKtVynUR7Yyo1ZwKnhXaqMKFsQHvYMhjREJU3nt8+JafG6ZIgluZFmszd3xNjGio1Cn3TGVLdV8u1mflfrZXq4Nob8yhJNUZssShIBdExmQVBulwi02JkgDLJza2E9amkTJu4CiYEd/nLq1A/L7uXZffholS5zeLIwzGcwBm4cAUVuIcq1IDBEzzDK7xZU+vFerc+Fq05K5s5gj+yPn8AWmCUAQ==</latexit>

|~k| = |~p|

definition of on-shell momentum p

R. Briceno, J. Dudek, R. Young, 1706.06223

finite sum_k.                 int            finite V correction
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Bubble diagram, cont' P=(E,0)

pole in denominator enforces k=p

smooth on-shell

renders Im(B)

F = known kinematical matrix function

       same as in Kim, Sachrajda, Sharpe 2005 (eqs 48,49)
i2 = -F 

omitting i from each of two props in definition of F



Scattering amplitude for V=inf
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<latexit sha1_base64="OMbtamYNJBPz3nMxWGmytSgWsbE="></latexit>

iM = iK + iK(real + i p
8⇡E )iK + ... =

i

real� i p
8⇡E

, T =
1

real� ip

Homework 8: 
collect real pieces and 

perform geometric series

The imaginary part of M-1 is uniquely rendered from the kinematical region when both particles are on-shell :    

k

-k

E.= 𝑚2+ 𝑝% + 𝑚2+ 𝑝%	

real 
for real E above and below threshold

bubble



Determining poles of C(E)
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CFV(En) = ∞

finite sum_k.                 int            finite V correction

By inserting the above sum to C, 

and using definitions of A, A' and M: 

one can (pictorially) show   

finite V correction

K =  sum of all amputated two-particle 
        irreducible scattering diagrams in s−channel

M = scattering amplitude we are after 

Homework : 
try to understand diagramatically 

C contains poles we are seeking

C   contains only cuts, no poles

CFV contains same poles as C



Quantization condition for poles of  CFV(E)

60

CFV(En) = ∞

finite V correction

pole of C(E) at E=En where

scattering amplitude       
     known finite volume correction to the loop function     Fl'm',lm(E,L)
both are matrices in space of partial waves: M diagonal for spin-less particles (since J=l is a good quantum number)

                                                                              F nondiagonal in general

quantization condition 
= Luscher's relation

<latexit sha1_base64="FlflpmUoPgIX8JIFF5FAF8wNMvY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRixehgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTHDJGoYbwdqJYhgFgrWC0c3Ubz0xpXksH8w4YX6EA8lDTtFY6ZGQrEtRkLtJr1xxq+4MZJl4OalAjnqv/NXtxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhJxYpU/CWNmShszU3xMZRlqPo8B2RmiGetGbiv95ndSEV37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eVl0jyrehdV9/68UrvO4yjCERzDKXhwCTW4hTo0gIKEZ3iFN0c7L8678zFvLTj5zCH8gfP5A2F+kBM=</latexit>

M

geometric sum

-F                          -F           -F                         -F             -F           -F

F

<latexit sha1_base64="0S5nTtWUSvtG2GWzOMG6asLYJ0E=">AAACKXicbVBdS8MwFE3n15xfUx99CQ7pBBmtivoiDEXwRZjgPmAbJU2zLSxpS5IKo9Sf44t/xRcFRX31j5htFebmgcC559zLzT1uyKhUlvVpZObmFxaXssu5ldW19Y385lZNBpHApIoDFoiGiyRh1CdVRRUjjVAQxF1G6m7/cujX74mQNPDv1CAkbY66Pu1QjJSWnHwZwriFEYM3iRMzk5sHjCfFq/3zCXVYP7Q8whTSFTOTX865mTj5glWyRoCzxE5JAaSoOPnXlhfgiBNfYYakbNpWqNoxEopiRpJcK5IkRLiPuqSpqY84ke14dGkC97TiwU4g9PMVHKmTEzHiUg64qzs5Uj057Q3F/7xmpDpn7Zj6YaSIj8eLOhGDKoDD2KBHBcGKDTRBWFD9V4h7SCCsdLg5HYI9ffIsqR2W7JPS0e1xoXyRxpEFO2AXFIENTkEZXIMKqAIMHsEzeAPvxpPxYnwYX+PWjJHObIM/ML5/AAn7pfw=</latexit>

Ml0m0,lm(E) = Ml(E) �ll0�mm0

<latexit sha1_base64="64I9HXuRV9S9bMck6tH20+jm49o=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUuiom6EoihuhAr2AUksk8mkHTp5MDMRSsjOjb/ixoUibv0Fd/6N0zYLtR64l8M59zJzjxszKqRhfGmFqemZ2bnifGlhcWl5RV9da4oo4Zg0cMQi3naRIIyGpCGpZKQdc4ICl5GW2z8f+q17wgWNwls5iIkToG5IfYqRVFJH37Q9Iq3UxojB6+wu3TOzysXOLr1U3Tk1OnrZqBojwEli5qQMctQ7+qftRTgJSCgxQ0JYphFLJ0VcUsxIVrITQWKE+6hLLEVDFBDhpKM7MritFA/6EVcVSjhSf26kKBBiELhqMkCyJ/56Q/E/z0qkf+KkNIwTSUI8fshPGJQRHIYCPcoJlmygCMKcqr9C3EMcYamiK6kQzL8nT5LmftU8qh7cHJZrZ3kcRbABtkAFmOAY1MAVqIMGwOABPIEX8Ko9as/am/Y+Hi1o+c46+AXt4xu6HJdI</latexit>

det[M�1(E) + iF (E)] = 0
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Summarizing: relation between En and M∝ 𝑇

H2(p)H1(-p)

E.= 𝑚!
" + 𝑝" + 𝑚"

" + 𝑝"	

E=eigen-energy from a lattice simulation
p= on-shell momentum; momentum in region outside V (QM)

Luscher's quantization condition

Fl'm',lm(E,L)   known kinematical fun.
(TwoHadronsInBox package, Morningstar et al)

det: in l,m indices

<latexit sha1_base64="0S5nTtWUSvtG2GWzOMG6asLYJ0E=">AAACKXicbVBdS8MwFE3n15xfUx99CQ7pBBmtivoiDEXwRZjgPmAbJU2zLSxpS5IKo9Sf44t/xRcFRX31j5htFebmgcC559zLzT1uyKhUlvVpZObmFxaXssu5ldW19Y385lZNBpHApIoDFoiGiyRh1CdVRRUjjVAQxF1G6m7/cujX74mQNPDv1CAkbY66Pu1QjJSWnHwZwriFEYM3iRMzk5sHjCfFq/3zCXVYP7Q8whTSFTOTX865mTj5glWyRoCzxE5JAaSoOPnXlhfgiBNfYYakbNpWqNoxEopiRpJcK5IkRLiPuqSpqY84ke14dGkC97TiwU4g9PMVHKmTEzHiUg64qzs5Uj057Q3F/7xmpDpn7Zj6YaSIj8eLOhGDKoDD2KBHBcGKDTRBWFD9V4h7SCCsdLg5HYI9ffIsqR2W7JPS0e1xoXyRxpEFO2AXFIENTkEZXIMKqAIMHsEzeAPvxpPxYnwYX+PWjJHObIM/ML5/AAn7pfw=</latexit>

Ml0m0,lm(E) = Ml(E) �ll0�mm0

if only one partial-wave l contributes: 

<latexit sha1_base64="64I9HXuRV9S9bMck6tH20+jm49o=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUuiom6EoihuhAr2AUksk8mkHTp5MDMRSsjOjb/ixoUibv0Fd/6N0zYLtR64l8M59zJzjxszKqRhfGmFqemZ2bnifGlhcWl5RV9da4oo4Zg0cMQi3naRIIyGpCGpZKQdc4ICl5GW2z8f+q17wgWNwls5iIkToG5IfYqRVFJH37Q9Iq3UxojB6+wu3TOzysXOLr1U3Tk1OnrZqBojwEli5qQMctQ7+qftRTgJSCgxQ0JYphFLJ0VcUsxIVrITQWKE+6hLLEVDFBDhpKM7MritFA/6EVcVSjhSf26kKBBiELhqMkCyJ/56Q/E/z0qkf+KkNIwTSUI8fshPGJQRHIYCPcoJlmygCMKcqr9C3EMcYamiK6kQzL8nT5LmftU8qh7cHJZrZ3kcRbABtkAFmOAY1MAVqIMGwOABPIEX8Ko9as/am/Y+Hi1o+c46+AXt4xu6HJdI</latexit>

det[M�1(E) + iF (E)] = 0

<latexit sha1_base64="urCNNflbvNb6xdfZdAuR2cH8gWo=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEi1EVLoqJuhKIoboQK9gJtDJPppB06mYSZiVBCdm58FTcuFHHrK7jzbZy2WWj1h4GP/5zDmfN7EaNSWdaXkZuZnZtfyC8WlpZXVtfM9Y2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMNL3B+ajevCdC0pDfqmFEnAD1OPUpRkpbrrmddDBi8Dp12V1SttPSxd5pmV66CWMjds2iVbHGgn/BzqAIMtVc87PTDXEcEK4wQ1K2bStSToKEopiRtNCJJYkQHqAeaWvkKCDSScZ3pHBXO13oh0I/ruDY/TmRoEDKYeDpzgCpvpyujcz/au1Y+SdOQnkUK8LxZJEfM6hCOAoFdqkgWLGhBoQF1X+FuI8EwkpHV9Ah2NMn/4XGfsU+qhzcHBarZ1kcebAFdkAJ2OAYVMEVqIE6wOABPIEX8Go8Gs/Gm/E+ac0Z2cwm+CXj4xtyI5fD</latexit>

M�1
l (E) = �iFll(E)

En

Luscher 1991

<latexit sha1_base64="aZZQC5Sx4GMR24g2nVsAUULfJ4E="></latexit>

p · cot �0(p) =
Z00(1; (

pL
2⇡ )

2)
p
⇡L

only l=0: 

many generalizations;  most general (particles with arbitrary spin, 

total momentum, several two-particle channels): 

Briceno, PRD 89, 074507 (2014)
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Cjk (t) = 0 Oj (t)Ok
+(0) 0 , O = qq, (qq)(qq) = ππ, 1−−

Lang, Mohler, S.P., Vidmar 
PRD 2011, mπ=266 MeV, Nf=2
single volume NL=16

ei
ge

n-
en

er
gi

es
 fo

r N
L=

16

<latexit sha1_base64="7oRImYiYNtShxzrdWfu5gPZsZv4=">AAACGXicbZDLTgIxFIY7XhFvqEs3jUQCG9IxGl0SXegSE7kkDCFnSoGGdmZsOyaEwGO48VXcuNAYl7rybewACwX/pOmX/5yT9vx+JLg2hHw7S8srq2vrqY305tb2zm5mb7+qw1hRVqGhCFXdB80ED1jFcCNYPVIMpC9Yze9fJfXaA1Oah8GdGUSsKaEb8A6nYKzVypAcTuT5oPD92LsGKWFsKU+IW/C8dM6LuGVSmN5uoZXJkiKZCC+CO4Msmqncynx67ZDGkgWGCtC64ZLINIegDKeCjdJerFkEtA9d1rAYgGS6OZxsNsLH1mnjTqjsCQyeuL8nhiC1HkjfdkowPT1fS8z/ao3YdC6aQx5EsWEBnT7UiQU2IU5iwm2uGDViYAGo4vavmPZAATU2zLQNwZ1feRGqJ0X3rEhuT7Oly1kcKXSIjlAeuegcldANKqMKougRPaNX9OY8OS/Ou/MxbV1yZjMH6I+crx+rI5u4</latexit>

q̄ � q (001)

⇡(000)⇡(001)

<latexit sha1_base64="642ZaferF3YpMYfr7Q4zN1U1QTs=">AAACGXicbZDLTgIxFIY7eEO8oS7dNBIJbkjHaHRJdKFLTOSSMIScKQUa2pmx7ZgQAo/hxldx40JjXOrKt7EDLBT8k6Zf/nNO2vP7keDaEPLtpJaWV1bX0uuZjc2t7Z3s7l5Vh7GirEJDEaq6D5oJHrCK4UaweqQYSF+wmt+/Suq1B6Y0D4M7M4hYU0I34B1OwVirlSV5nMjzQeH7sXcNUsLYUsF1ybHnZfJexAuEWLZ34rWyOVIkE+FFcGeQQzOVW9lPrx3SWLLAUAFaN1wSmeYQlOFUsFHGizWLgPahyxoWA5BMN4eTzUb4yDpt3AmVPYHBE/f3xBCk1gPp204Jpqfna4n5X60Rm85Fc8iDKDYsoNOHOrHAJsRJTLjNFaNGDCwAVdz+FdMeKKDGhpmxIbjzKy9C9aTonhXJ7WmudDmLI40O0CEqIBedoxK6QWVUQRQ9omf0it6cJ+fFeXc+pq0pZzazj/7I+foBrkebug==</latexit>

q̄ � q (110)

⇡(000)⇡(110)

<latexit sha1_base64="XKvSPxcYtWX7xYbyU1HvmhV0qmE=">AAACGnicbZDNSgMxFIUz/lv/Rl26CRZLu7BkRNFl0YUuFWwVOkO5k6ZtMJkZk4xQSvsabnwVNy4UcSdufBszbRfaeiDk49x7Se4JE8G1IeTbmZmdm19YXFrOrayurW+4m1s1HaeKsiqNRaxuQ9BM8IhVDTeC3SaKgQwFuwnvzrL6zQNTmsfRtekmLJDQjniLUzDWarheAWfyQ1D4fuCfg5QwsFQkhJR8P1fwE17cJ8QrZZDdDTdPymQoPA3eGPJorMuG++k3Y5pKFhkqQOu6RxIT9EAZTgXr5/xUswToHbRZ3WIEkumgN1ytj/es08StWNkTGTx0f0/0QGrdlaHtlGA6erKWmf/V6qlpnQQ9HiWpYREdPdRKBTYxznLCTa4YNaJrAaji9q+YdkABNTbNnA3Bm1x5GmoHZe+oTK4O85XTcRxLaAftoiLy0DGqoAt0iaqIokf0jF7Rm/PkvDjvzseodcYZz2yjP3K+fgAhL5vv</latexit>

q̄ � q (000)

⇡(�001)⇡(001)

mom. proj.

always several of those

interpolators
𝜋𝜋

𝜋𝜋

𝜋𝜋

dashed 

lines: Eni

note: En have to be determined so accurately 

that energy shifts can be extracted reliably

first study lattice study which considered scattering 

using distillaiton method to calculate Wick contractions 

note: this "simple" calculation 
is chosen for pedagogical purpose, 
now calculations are more advanced 

<latexit sha1_base64="hIKVMy4I326xMXaQARsovB5Iicg=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkAbymY7aZduNunuRiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8m/rNJ1Sax/LRjBP0I9qXPOSMGis1OwFVZDTqlspuxZ2BLBMvJ2XIUeuWvjq9mKURSsME1brtuYnxM6oMZwInxU6qMaFsSPvYtlTSCLWfzc6dkFOr9EgYK1vSkJn6eyKjkdbjKLCdETUDvehNxf+8dmrCGz/jMkkNSjZfFKaCmJhMfyc9rpAZMbaEMsXtrYQNqKLM2ISKNgRv8eVl0jiveFeVi4fLcvU2j6MAx3ACZ+DBNVThHmpQBwZDeIZXeHMS58V5dz7mrStOPnMEf+B8/gD/EI9b</latexit>

q̄q
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Luscher’s relation

for P=0, P ≠ 0

Cjk (t) = 0 Oj (t)Ok
+(0) 0 , O = qq, (qq)(qq) = ππ, 1−−

Lang, Mohler, S.P., Vidmar 
PRD 2011, mπ=266 MeV, Nf=2
single volume NL=16

cm

Ecm=772 MeV

ei
ge

n-
en

er
gi

es
 fo

r N
L=

16

ρ meson Mass [MeV] gρππ≡ 6𝜋	𝑔 

Lat 772 ± 6 ± 8 5.61 ± 0.12

Exp. 775 5.97

<latexit sha1_base64="FqgV1CD8XA44iiGRaSHgq49S+hI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh10ZKoqBuhKIoboYJ9QBvDZDpph04mYWYilJBfcOOvuHGhiFt37vwbp20QbT1w4XDOvdx7jxcxKpVlfRkzs3PzC4u5pfzyyuraurmxWZdhLDCp4ZCFoukhSRjlpKaoYqQZCYICj5GG1z8f+o17IiQN+a0aRMQJUJdTn2KktOSaxaSNEYPXqcvukpKdFi/cBAfp3mmJXroJYz+CaxassjUCnCZ2RgogQ9U1P9udEMcB4QozJGXLtiLlJEgoihlJ8+1YkgjhPuqSlqYcBUQ6yeijFO5qpQP9UOjiCo7U3xMJCqQcBJ7uDJDqyUlvKP7ntWLlnzgJ5VGsCMfjRX7MoArhMB7YoYJgxQaaICyovhXiHhIIKx1iXodgT748Ter7ZfuofHBzWKicZXHkwDbYAUVgg2NQAVegCmoAgwfwBF7Aq/FoPBtvxvu4dcbIZrbAHxgf3+ysnHU=</latexit>

M�1
l (Ecm) = �iFll(Ecm)

l=1

<latexit sha1_base64="lXYpFDGnC26rUbKMiX5urzu03YI=">AAACGXicbVBNS8NAEN3Urxq/oh69LBZBD5ZERXsRiiJ4ESrYWmhK2Ww3dukmWXYnQgn5G178K148KOJRT/4btx8HrT4YeLw3w8y8QAquwXW/rMLM7Nz8QnHRXlpeWV1z1jcaOkkVZXWaiEQ1A6KZ4DGrAwfBmlIxEgWC3Qb986F/e8+U5kl8AwPJ2hG5i3nIKQEjdRwXZz4lAl/lp9gPFaGZl2cVX3J8sSt9mgD2u0wAwftc7uW2jTtOyS27I+C/xJuQEpqg1nE+/G5C04jFQAXRuuW5EtoZUcCpYLntp5pJQvvkjrUMjUnEdDsbfZbjHaN0cZgoUzHgkfpzIiOR1oMoMJ0RgZ6e9obif14rhbDSzngsU2AxHS8KU4EhwcOYcJcrRkEMDCFUcXMrpj1i8gETpm1C8KZf/ksaB2XvuHx4fVSqnk3iKKIttI12kYdOUBVdohqqI4oe0BN6Qa/Wo/VsvVnv49aCNZnZRL9gfX4DpyqeLw==</latexit>

M =
1

8⇡E(p cot � � ip)
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Scalar charmed  meson

+ 

other 

total momenta

and irreps
E c

m
 a

HadSpec, Gayer et al, 2102.04973
 m𝜋 ≈ 240	MeV 

not explicity exotic;

 it’s low mass indicates non-conventional states in this sector

Sasa Prelovsek                              Exotic hadrons from lattice

p1

p2

<latexit sha1_base64="zWr6oMRRSGImTzmIBbeS4HEOc4A="></latexit>

O ⇠(ū�1c)~p1(d̄�2u)~p2 + ..

⇠ D(~p1) ⇡(~p2)

red lines: Enon-int.= 𝑚&
% + 𝑝1% + 𝑚'

% + 𝑝2%	

<latexit sha1_base64="f9tpPS8weonbUv+DNJZlFwWoeMM=">AAACA3icbZDLSgMxFIbPeK31NupON8EiuJAyI96WRTcuK9gLdIaSyWTa0MylSUYopeLGV3HjQhG3voQ738Z0OoK2Hgj5+P9zSM7vJZxJZVlfxtz8wuLScmGluLq2vrFpbm3XZZwKQmsk5rFoelhSziJaU0xx2kwExaHHacPrXY39xh0VksXRrRok1A1xJ2IBI1hpqW3uIuJ4WCD//sj5wX529dtmySpbWaFZsHMoQV7Vtvnp+DFJQxopwrGULdtKlDvEQjHC6ajopJImmPRwh7Y0Rjik0h1mO4zQgVZ8FMRCn0ihTP09McShlIPQ050hVl057Y3F/7xWqoILd8iiJFU0IpOHgpQjFaNxIMhnghLFBxowEUz/FZEuFpgoHVtRh2BPrzwL9eOyfVY+vTkpVS7zOAqwB/twCDacQwWuoQo1IPAAT/ACr8aj8Wy8Ge+T1jkjn9mBP2V8fAMFxpaC</latexit>

cd̄ , cd̄qq̄

<latexit sha1_base64="7tAUKg+Ujae4RJ5zNaw9qjrBhOs=">AAACCnicbZC7TsMwFIadcivlFmBkMVRITFVScVuQKlgYGIpEL1ITRY7rtFYdJ7KdSlWUmYVXYWEAIVaegI23wU0zQMsvWfr0n3N0fH4/ZlQqy/o2SkvLK6tr5fXKxubW9o65u9eWUSIwaeGIRaLrI0kY5aSlqGKkGwuCQp+Rjj+6mdY7YyIkjfiDmsTEDdGA04BipLTlmYfOmGAYe/QqB+5R6KhAIJzWnZhm6V3mmVWrZuWCi2AXUAWFmp755fQjnISEK8yQlD3bipWbIqEoZiSrOIkkMcIjNCA9jRyFRLppfkoGj7XTh0Ek9OMK5u7viRSFUk5CX3eGSA3lfG1q/lfrJSq4dFPK40QRjmeLgoRBFcFpLrBPBcGKTTQgLKj+K8RDpINQOr2KDsGeP3kR2vWafV47uz+tNq6LOMrgAByBE2CDC9AAt6AJWgCDR/AMXsGb8WS8GO/Gx6y1ZBQz++CPjM8ftFSaTQ==</latexit>

~pi = ~ni
2⇡
L

<latexit sha1_base64="hDtwRV2JSSqmsBq1UhGv5wFjvhE=">AAAB8XicbVBNS8NAEJ3Urxq/oh69LBZBEEoiol6EohfxVMF+YJuWzXbTLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrg4HHezPMzAsSzpR23W+rsLS8srpWXLc3Nre2d5zdvbqKU0lojcQ8ls0AK8qZoDXNNKfNRFIcBZw2guHNxG88UalYLB70KKF+hPuChYxgbaRHG6G7TvXK7Zx0nZJbdqdAi8TLSQlyVLvOV7sXkzSiQhOOlWp5bqL9DEvNCKdju50qmmAyxH3aMlTgiCo/m148RkdG6aEwlqaERlP190SGI6VGUWA6I6wHat6biP95rVSHl37GRJJqKshsUZhypGM0eR/1mKRE85EhmEhmbkVkgCUm2oRkmxC8+ZcXSf207J2XvfuzUuU6j6MIB3AIx+DBBVTgFqpQAwICnuEV3ixlvVjv1sestWDlM/vwB9bnD+Q6jxw=</latexit>

JP = 0+
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Scalar charmed  meson, cont’

+ 

other 

irreps

E c
m

 [M
eV

]

HadSpec, Gayer et al, 2102.04973
 m𝜋 ≈ 240	MeV 

Sasa Prelovsek                              Exotic hadrons from lattice

<latexit sha1_base64="98bx3mK7IKfZC44NTWKUy7mYaX4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9Vj04rGC/YAmhM1m0y7dbMLuRCyh/hQvHhTx6h/x5r9x2+agrQ8GHu/NMDMvzATX4Djf1srq2vrGZmWrur2zu7dvH9Q6Os0VZW2ailT1QqKZ4JK1gYNgvUwxkoSCdcPRzdTvPjCleSrvYZwxPyEDyWNOCRgpsGskAPyUYezRFLyICSCBXXcazgx4mbglqaMSrcD+8qKU5gmTQAXRuu86GfgFUcCpYJOql2uWEToiA9Y3VJKEab+Y3T7BJ0aJcJwqUxLwTP09UZBE63ESms6EwFAvelPxP6+fQ3zlF1xmOTBJ54viXGBI8TQIHHHFKIixIYQqbm7FdEgUoWDiqpoQ3MWXl0nnrOFeNNy783rzuoyjgo7QMTpFLrpETXSLWqiNKHpEz+gVvVkT68V6tz7mrStWOXOI/sD6/AE9oZPv</latexit>

at p cot �

<latexit sha1_base64="5Oz4DC8sAUVU/U9/kG54enkcj3Y=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4KrtF1GPRi8cK9gPatWTTbBua3Q3JrFCW+jO8eFDEq3/Gm//GtN2Dtj6Y4fHeDJm8QElh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmqGW+wRCa6HVDDpYh5AwVK3laa0yiQvBWMbqZ+65FrI5L4HseK+xEdxCIUjKKVurSHD1XypGwjvVLZrbgzkGXi5aQMOeq90le3n7A04jEySY3peK5CP6MaBZN8UuymhivKRnTAO5bGNOLGz2Y3T8ipVfokTLStGMlM/b2R0ciYcRTYyYji0Cx6U/E/r5NieOVnIlYp8pjNHwpTSTAh0wBIX2jOUI4toUwLeythQ6opQxtT0YbgLX55mTSrFe+i4t2dl2vXeRwFOIYTOAMPLqEGt1CHBjBQ8Ayv8Oakzovz7nzMR1ecfOcI/sD5/AFhU5Ca</latexit>

a2t p2

<latexit sha1_base64="8rx9RY1VWL9Baj7kL3cE55HzcX0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoioh6LXjxWsB+QxrLZbNqlm03YnQg11D/ixYMiXv0p3vw3btsctPXBwOO9GWbmBangGhzn2yqtrK6tb5Q3K1vbO7tVe2+/rZNMUdaiiUhUNyCaCS5ZCzgI1k0VI3EgWCcYXU/9zgNTmifyDsYp82MykDzilICR+na1FzIB5Mm771GuqN+3a07dmQEvE7cgNVSg2be/emFCs5hJoIJo7blOCn5OFHAq2KTSyzRLCR2RAfMMlSRm2s9nh0/wsVFCHCXKlAQ8U39P5CTWehwHpjMmMNSL3lT8z/MyiC79nMs0AybpfFGUCQwJnqaAQ64YBTE2hFDFza2YDokiFExWFROCu/jyMmmf1t3zunt7VmtcFXGU0SE6QifIRReogW5QE7UQRRl6Rq/ozXq0Xqx362PeWrKKmQP0B9bnD+Qdkz4=</latexit>

� [�]
<latexit sha1_base64="Hwpm1T437gJTCqcCtH3qVgMPon4=">AAACCXicbVDLSgMxFM3UV62vqks3wSLUTZkRUTdCUQQ3QhX7gHYomfS2DU1mhiQjlGFcuvFX3LhQxK1/4M6/MW1H0NYDgZNz7uXee7yQM6Vt+8vKzM0vLC5ll3Mrq2vrG/nNrZoKIkmhSgMeyIZHFHDmQ1UzzaERSiDC41D3Bucjv34HUrHAv9XDEFxBej7rMkq0kdp5jMVpSxDdlyK+gaR4sX//821eQc1N2vmCXbLHwLPESUkBpai085+tTkAjAb6mnCjVdOxQuzGRmlEOSa4VKQgJHZAeNA31iQDlxuNLErxnlA7uBtI8X+Ox+rsjJkKpofBM5WhLNe2NxP+8ZqS7J27M/DDS4NPJoG7EsQ7wKBbcYRKo5kNDCJXM7Ippn0hCtQkvZ0Jwpk+eJbWDknNUcq4PC+WzNI4s2kG7qIgcdIzK6BJVUBVR9ICe0At6tR6tZ+vNep+UZqy0Zxv9gfXxDSTtmgA=</latexit>

m = Re(E) [MeV]

<latexit sha1_base64="c18s7cq2o0VIEB6SB9a93mEKyjE=">AAACEXicbVDLSgMxFM34rPVVdekmWIS6sMwUUTdCUURdCBXsA2aGkkkzbWiSGZKMUIb6CW78FTcuFHHrzp1/Y/pAtPVA4OSce7n3niBmVGnb/rJmZufmFxYzS9nlldW19dzGZk1FicSkiiMWyUaAFGFUkKqmmpFGLAniASP1oHs28Ot3RCoaiVvdi4nPUVvQkGKkjdTMFaB3gThHJ/ule48j3ZE8veL9wvnez9e9JjW/38zl7aI9BJwmzpjkwRiVZu7Ta0U44URozJBSrmPH2k+R1BQz0s96iSIxwl3UJq6hAnGi/HR4UR/uGqUFw0iaJzQcqr87UsSV6vHAVA62VJPeQPzPcxMdHvspFXGiicCjQWHCoI7gIB7YopJgzXqGICyp2RXiDpIIaxNi1oTgTJ48TWqlonNYdG4O8uXTcRwZsA12QAE44AiUwSWogCrA4AE8gRfwaj1az9ab9T4qnbHGPVvgD6yPb70LnP4=</latexit> �
=

�
2
Im

(E
)
[M

eV
]

Luscher’s 

relation

<latexit sha1_base64="NKQV3qe5WrxBU6wp0tYEOFMt5+0=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAS0LArvi5CUCIePEQwKmRDmJ30JkNmH8z0CmGJX+HFX/HiQRGvevNvnMQc1FjQUFR1093lxVJotO1Pa2JyanpmNjOXnV9YXFrOraxe6ShRHGo8kpG68ZgGKUKooUAJN7ECFngSrr3uycC/vgWlRRReYi+GRsDaofAFZ2ikZq7koq8YT3f6aaVP72Lq8gjdFkhkhUqRHtHt00Jly70FTqtb58VmLm+X7CHoOHFGJE9GqDZzH24r4kkAIXLJtK47doyNlCkUXEI/6yYaYsa7rA11Q0MWgG6kw7/6dNMoLepHylSIdKj+nEhZoHUv8ExnwLCj/3oD8T+vnqB/2EhFGCcIIf9e5CeSYkQHIdGWUMBR9gxhXAlzK+UdZnJCE2XWhOD8fXmcXO2UnP3S3sVuvnw8iiND1skGKRCHHJAyOSNVUiOc3JNH8kxerAfryXq13r5bJ6zRzBr5Bev9CxyanVQ=</latexit>

2
E p cot �(E) = �F (E, ~P ,L)



Scalar heavy-light mesons

14

Conventional 

quark model

New paradigm 

<latexit sha1_base64="1JEt3MYbGWe5JbgRl1XjG3sTdV4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69pBZBEEoiRb0IRS/iqYL9gCQtm+22XbrZDbsToYT+DC8eFPHqr/Hmv3Hb5qCtDwYe780wMy+MOdPgON9WbmV1bX0jv1nY2t7Z3SvuHzS1TBShDSK5VO0Qa8qZoA1gwGk7VhRHIaetcHQ79VtPVGkmxSOMYxpEeCBYnxEMRvLuO3W/dO2XnM5Zt1h2Ks4M9jJxM1JGGerd4pffkySJqADCsdae68QQpFgBI5xOCn6iaYzJCA+oZ6jAEdVBOjt5Yp8YpWf3pTIlwJ6pvydSHGk9jkLTGWEY6kVvKv7neQn0r4KUiTgBKsh8UT/hNkh7+r/dY4oS4GNDMFHM3GqTIVaYgEmpYEJwF19eJs3zintRqT5Uy7WbLI48OkLH6BS56BLV0B2qowYiSKJn9IreLLBerHfrY96as7KZQ/QH1ucPHEGP2Q==</latexit>

JP =0+

<latexit sha1_base64="k3t5EaVln7KRVU2O3Tq4/SXF5ww=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpoi6LblxWsA9oQ5lMJ+3QySSdmQg11B9x40IRt36KO//GaZqFth643MM59zJ3jh9zprTjfFuFtfWNza3idmlnd2+/bB8ctlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj2/mfvuBSsUica+nMfVCPBQsYARrI/XtMun5WKLJ02TR+3bFqToZ0Cpxc1KBHI2+/dUbRCQJqdCEY6W6rhNrL8VSM8LprNRLFI0xGeMh7RoqcEiVl2aHz9CpUQYoiKQpoVGm/t5IcajUNPTNZIj1SC17c/E/r5vo4MpLmYgTTQVZPBQkHOkIzVNAAyYp0XxqCCaSmVsRGWGJiTZZlUwI7vKXV0mrVnUvqrW780r9Oo+jCMdwAmfgwiXU4RYa0AQCCTzDK7xZj9aL9W59LEYLVr5zBH9gff4ATwuS3g==</latexit>

cq̄ qq̄ q=u,d,s        n=u,d
<latexit sha1_base64="EEAKSvxPAe56TD+LyL7w6/VDkFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKbdoLUJHHfrniVt05yCrxclKBHI1++as3iGkaMWmoQK27npsYP0NlOBVsWuqlmiVIxzhkXUslRkz72fzcKTmzyoCEsbIlDZmrvycyjLSeRIHtjNCM9LI3E//zuqkJr/2MyyQ1TNLFojAVxMRk9jsZcMWoERNLkCpubyV0hAqpsQmVbAje8surpFWrepfV2v1FpX6Tx1GEEziFc/DgCupwBw1oAoUxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP+m2j0w=</latexit>

cq̄ +
Lutz et al, 2003 PLB,  2209.10601

Du et al, 1712.07957, PRD

Albaladejo et al,  1610.06727
3  ⨂  8  = 3 ⨁ 	6	 ⨁ 	15	 SU(3)F 

3
6

Scattering on the lattice

SU(3)F

S=1  Mohler et al, 1308.3175, PRL

         Lang et al, 1403.8103, PRD

         RQCD, 1706.01247, PRD

         HadSpec 2008.06432, JHEP

S=0   Mohler et al. 1208.4059, PRD

          HadSpec, 1607.07093, JHEP

          HadSpec 2102.04973, JHEP

S=-1  HadSpec, 2008.06432, JHEP

SU(3)F : Gregory et al, 2106.15391

              attraction in 6, repulsion in 15 

Ds0
*

D0
*

lat: 2.1-2.2 GeV (pole)

PDG: 2.3 GeV     (BW)

2.3 GeV

mixes with 15

2.4-2.5 GeV      r

eanalysis of lat 1607.07093 by 
Albaladejo 1610.06727

<latexit sha1_base64="EEAKSvxPAe56TD+LyL7w6/VDkFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKbdoLUJHHfrniVt05yCrxclKBHI1++as3iGkaMWmoQK27npsYP0NlOBVsWuqlmiVIxzhkXUslRkz72fzcKTmzyoCEsbIlDZmrvycyjLSeRIHtjNCM9LI3E//zuqkJr/2MyyQ1TNLFojAVxMRk9jsZcMWoERNLkCpubyV0hAqpsQmVbAje8surpFWrepfV2v1FpX6Tx1GEEziFc/DgCupwBw1oAoUxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP+m2j0w=</latexit>

cq̄
new paradigm supported by:

• lattice

• ChPT+HQET, UChPT

• reanalysis of exp data

• states circled by  blue 
feature in the spectrum

mix

q=u,d,s

SU(3)F

most 
attractive

attractive repulsive

Ds0(2317):  70-100% 
DK molecule  

virtual bound state 
HadSpec 2008.06432
partner of X(2900)  [LHCb] ? 



Channel with exotic flavor D K 

Sasa Prelovsek                              Exotic hadrons from lattice

HadSpec. Coll, 2008.06432 

67

certain irrep gets 

contribution fom multiple 

partial waves (odd and even) 

for P ≠	0 since mD ≠mK

P

JP=0+, I=0

+ 9 more P/irreps

<latexit sha1_base64="8cT3wQdocMICj9CqbpMHwoISYvU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE1GXRjcsK9gFtKJPJpB06mYSZiRBC/RU3LhRx64e482+cpllo64HLPZxzL3Pn+AlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSWiHxDyWfR8rypmgHc00p/1EUhz5nPb86e3c7z1SqVgsHnSWUC/CY8FCRrA20siuIwMy9LFEqSoaCkZ2w2k6BdAqcUvSgBLtkf01DGKSRlRowrFSA9dJtJdjqRnhdFYbpoommEzxmA4MFTiiysuL42fo1CgBCmNpSmhUqL83chwplUW+mYywnqhlby7+5w1SHV57ORNJqqkgi4fClCMdo3kSKGCSEs0zQzCRzNyKyARLTLTJq2ZCcJe/vEq65033suneXzRaN2UcVTiGEzgDF66gBXfQhg4QyOAZXuHNerJerHfrYzFascqdOvyB9fkDE3qTIA==</latexit>

cūsd̄

operators

...
...

D(0,0,0)K(0,0,0)

D(0,0,1)K(0,0,-1)+..

D(0,1,1)K(0,-1,-1)+..

D(1,0,0)K(0,0,0)

D(0,0,0)K(1,0,0)+..

D(1,1,0)K(0,-1,0)+..

D(1,1,1)K(0,-1,-1)+..



D K                                           
JP=0+, I=0, l=0

Sasa Prelovsek                              Exotic hadrons from lattice 68

HadSpec. Coll, 2008.06432 

Virtual bound state:  Riemann sheet ||: p= - i |p|

                                             p cot(del) = i p =  |p|  

(a p)2 

m𝜋=239 MeV

<latexit sha1_base64="lXYpFDGnC26rUbKMiX5urzu03YI=">AAACGXicbVBNS8NAEN3Urxq/oh69LBZBD5ZERXsRiiJ4ESrYWmhK2Ww3dukmWXYnQgn5G178K148KOJRT/4btx8HrT4YeLw3w8y8QAquwXW/rMLM7Nz8QnHRXlpeWV1z1jcaOkkVZXWaiEQ1A6KZ4DGrAwfBmlIxEgWC3Qb986F/e8+U5kl8AwPJ2hG5i3nIKQEjdRwXZz4lAl/lp9gPFaGZl2cVX3J8sSt9mgD2u0wAwftc7uW2jTtOyS27I+C/xJuQEpqg1nE+/G5C04jFQAXRuuW5EtoZUcCpYLntp5pJQvvkjrUMjUnEdDsbfZbjHaN0cZgoUzHgkfpzIiOR1oMoMJ0RgZ6e9obif14rhbDSzngsU2AxHS8KU4EhwcOYcJcrRkEMDCFUcXMrpj1i8gETpm1C8KZf/ksaB2XvuHx4fVSqnk3iKKIttI12kYdOUBVdohqqI4oe0BN6Qa/Wo/VsvVnv49aCNZnZRL9gfX4DpyqeLw==</latexit>

M =
1

8⇡E(p cot � � ip)

<latexit sha1_base64="8cT3wQdocMICj9CqbpMHwoISYvU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE1GXRjcsK9gFtKJPJpB06mYSZiRBC/RU3LhRx64e482+cpllo64HLPZxzL3Pn+AlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSWiHxDyWfR8rypmgHc00p/1EUhz5nPb86e3c7z1SqVgsHnSWUC/CY8FCRrA20siuIwMy9LFEqSoaCkZ2w2k6BdAqcUvSgBLtkf01DGKSRlRowrFSA9dJtJdjqRnhdFYbpoommEzxmA4MFTiiysuL42fo1CgBCmNpSmhUqL83chwplUW+mYywnqhlby7+5w1SHV57ORNJqqkgi4fClCMdo3kSKGCSEs0zQzCRzNyKyARLTLTJq2ZCcJe/vEq65033suneXzRaN2UcVTiGEzgDF66gBXfQhg4QyOAZXuHNerJerHfrYzFascqdOvyB9fkDE3qTIA==</latexit>

cūsd̄

<latexit sha1_base64="Yb0DSqm7mFqozCfa+XQzVU0ELlE=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9Vj04rGC/YAmhM1m2y7dbMLuRCyh/SlePCji1T/izX/jts1BWx8MPN6bYWZemAquwXG+rZXVtfWNzdJWeXtnd2/fPqi0dJIpypo0EYnqhEQzwSVrAgfBOqliJA4Fa4fD26nffmRK80Q+wChlfkz6kvc4JWCkwK4QPEkn2KMJeBETQAInsKtOzZkBLxO3IFVUoBHYX16U0CxmEqggWnddJwU/Jwo4FWxc9jLNUkKHpM+6hkoSM+3ns9vH+MQoEe4lypQEPFN/T+Qk1noUh6YzJjDQi95U/M/rZtC79nMu0wyYpPNFvUxgSPA0CBxxxSiIkSGEKm5uxXRAFKFg4iqbENzFl5dJ66zmXtbO7y+q9ZsijhI6QsfoFLnoCtXRHWqgJqLoCT2jV/Rmja0X6936mLeuWMXMIfoD6/MHaMKUCw==</latexit>

a p cot �0
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<latexit sha1_base64="4aHTT4BcpSgVvWuq+lG2ruQ1RIE=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoioi6LbkQQKtgHJKFMppN26EwSZiZCCe3Cjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jx8zKpVlfRuFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIyGpKGoYqQdC4K4z0jLH1xlfuuBCEmj8F4NY+Jx1AtpQDFSWuqY+7xyc+zGko7jIziGLkeqL3jq3JKmN+qYZatqTQDniZ2TMshR75hfbjfCCSehwgxJ6dhWrLwUCUUxI6OSm0gSIzxAPeJoGiJOpJdOvhjBQ610YRAJXaGCE/X3RIq4lEPu687sSjnrZeJ/npOo4MJLaRgnioR4uihIGFQRzCKBXSoIVmyoCcKC6lsh7iOBsNLBlXQI9uzL86R5UrXPqvbdabl2mcdRBHvgAFSADc5BDVyDOmgADB7BM3gFb8aT8WK8Gx/T1oKRz+yCPzA+fwB6v5fx</latexit>

m(J/ p) [MeV]

LHCb 2019

H. Xiang et al.,  2210.08555  m𝜋 ≈ 294	MeV 
caution: coupling to charmonium+proton omitted 

Pc 

DΣ𝑐    in s-wave  

pole in T: 

real bound st.

Sasa Prelovsek                              Exotic hadrons from lattice

<latexit sha1_base64="8A7xarkTNkDO8A3NF+6bIhHMGMU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfWAbymQyaYdOJmEeQgn9CzcuFHHr37jzb5ymWWjrgQuHc+7l3nuClDOlXffbKa2srq1vlDcrW9s7u3vV/YO2SowktEUSnshugBXlTNCWZprTbiopjgNOO8H4duZ3nqhULBEPepJSP8ZDwSJGsLbSYz/AEhFiTDio1ty6mwMtE68gNSjQHFS/+mFCTEyFJhwr1fPcVPsZlpoRTqeVvlE0xWSMh7RnqcAxVX6WXzxFJ1YJUZRIW0KjXP09keFYqUkc2M4Y65Fa9Gbif17P6Ojaz5hIjaaCzBdFhiOdoNn7KGSSEs0nlmAimb0VkRGWmGgbUsWG4C2+vEzaZ3Xvsn5xf15r3BRxlOEIjuEUPLiCBtxBE1pAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBRzWQrQ==</latexit>

c̄cuud
<latexit sha1_base64="4YwmaQKyCZ/ONswi078thDHpcD8=">AAACGHicbVDLSsNAFJ3UV42vqEs3g8XSgsREfC2LblxWsA9oQplMJ+3QyYN5CCX0M9z4K25cKOK2O//GaZtFrR4YOJxzL3fOCVJGhXScb6Owsrq2vlHcNLe2d3b3rP2DpkgUx6SBE5bwdoAEYTQmDUklI+2UExQFjLSC4d3Ubz0RLmgSP8pRSvwI9WMaUoyklrrWWRl6MoEVL0AcYqiqFax61VPbtj3PLC9YuFpR2ulaJcd2ZoB/iZuTEshR71oTr5dgFZFYYoaE6LhOKv0McUkxI2PTU4KkCA9Rn3Q0jVFEhJ/Ngo3hiVZ6MEy4frGEM3VxI0OREKMo0JMRkgOx7E3F/7yOkuGNn9E4VZLEeH4oVAzqvNOWYI9ygiUbaYIwp/qvEA8QR1jqLk1dgrsc+S9pntvulX35cFGq3eZ1FMEROAYV4IJrUAP3oA4aAINn8ArewYfxYrwZn8bXfLRg5DuH4BeMyQ8ZuJwb</latexit>

! (c̄u)(cud), ...

! (c̄c)(uud)

<latexit sha1_base64="K2RIdiTzy9IL9smTGc8phwpPNYE="></latexit>

T / 1

p cot � � ip
, p cot � = 1

a0
+ 1

2r0 p2

1
a0

+ 1
2r0p

2 � ip = 0 ! pb = i|pb|

mPc =
q

m2
D + p2b +

q
m2

⌃c
+ p2b

mPc � (mD +m⌃c) = �6± 3 MeV

Wu, Molina, Oset, Zou, PRL 2010

JP=1/2-



Tbc : next exciting 
           discovery from exp ?
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<latexit sha1_base64="xE6t0GStZSoXLewVWqBHfxMZZOw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APasWQymTY0yQxJRilD/8ONC0Xc+i/u/BvT6Sy09cC9HM65l9ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+greNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvpn5nUeqNIvlvZkk1Bd4KFnECDZWeghIP8AKpXkPB9WaW3dzoGXiFaQGBZqD6lc/jEkqqDSEY617npsYP8PKMMLptNJPNU0wGeMh7VkqsaDaz/Krp+jEKiGKYmVLGpSrvzcyLLSeiMBOCmxGetGbif95vdREV37GZJIaKsn8oSjlyMRoFgEKmaLE8IklmChmb0VkhBUmxgZVsSF4i19eJu2zundR9+7Oa43rIo4yHMExnIIHl9CAW2hCCwgoeIZXeHOenBfn3fmYj5acYucQ/sD5/AHIgJIM</latexit>

bcūd̄

<latexit sha1_base64="wSBuJjaCcIFmLMCp84S0Ne9mrQk=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARWpCSiKjLoht3VrAXSEKZTCbt0JkkzEyEEupTuPFV3LhQxK3ufBunTRbaemDg4//P4cz5/YRRqSzr2ygtLa+srpXXKxubW9s75u5eR8apwKSNYxaLno8kYTQibUUVI71EEMR9Rrr+6Grqd++JkDSO7tQ4IR5Hg4iGFCOlpb7ZuHEl5bDm+kjAFPr1nAKI68cPjo89J3dy1eubVathzQougl1AFRTV6ptfbhDjlJNIYYakdGwrUV6GhKKYkUnFTSVJEB6hAXE0RogT6WWzuybwSCsBDGOhX6TgTP09kSEu5Zj7upMjNZTz3lT8z3NSFV54GY2SVJEI54vClEEVw2lIMKCCYMXGGhAWVP8V4iESCCsdZUWHYM+fvAidk4Z91rBvT6vNyyKOMjgAh6AGbHAOmuAatEAbYPAInsEreDOejBfj3fjIW0tGMbMP/pTx+QNTW52N</latexit>

O ⇠ (ūb)(d̄c), [bc][ūd̄]

<latexit sha1_base64="uMeF0rq4CCx9zjTp8PwdTKozOMY=">AAACA3icbZDLSsNAFIYn9VbrLepON1OLILSURLxthKIbdVXBXqBJy2Q6aYdOLsxMhBIqbnwVNy4UcetLuPNtnKZZaOsPAx//OYcz53dCRoU0jG8tMze/sLiUXc6trK6tb+ibW3URRByTGg5YwJsOEoRRn9QklYw0Q06Q5zDScAaX43rjnnBBA/9ODkNie6jnU5diJJXV0XfgtZU/t/JGCT7ctKsJm+1iyWgXO3rBKBuJ4CyYKRRAqmpH/7K6AY484kvMkBAt0wilHSMuKWZklLMiQUKEB6hHWgp95BFhx8kNI7ivnC50A66eL2Hi/p6IkSfE0HNUp4dkX0zXxuZ/tVYk3TM7pn4YSeLjySI3YlAGcBwI7FJOsGRDBQhzqv4KcR9xhKWKLadCMKdPnoX6Ydk8KR/fHhUqF2kcWbAL9sABMMEpqIArUAU1gMEjeAav4E170l60d+1j0prR0plt8Efa5w9Pu5Qh</latexit>

I=0, JP =1+, 0+

Alexandrou et al, 2312.02925 PRL

𝑚! ≈ 220𝑀𝑒𝑉

<latexit sha1_base64="PhFimwfU8EpZrBlG33UygOvW6Sk="></latexit>

mTbc�mB⇤�mD = �2.4+2.0
�0.7 MeV

mR�mB⇤�mD = 67± 24 MeV �R = 132± 32

B*  D
B    D*

Luscher’s rel.

δ(E), T(E) 

E  
<latexit sha1_base64="7W0BLq2VDpqunuyH4LOncWZFAy0=">AAACD3icbVDLSgMxFM34rPU16tJNsChuLDMi6rLoxmWFvqBThkyaaUMzk5DcEcrQP3Djr7hxoYhbt+78G9PHQlsPBA7n3MvNOZES3IDnfTtLyyura+uFjeLm1vbOrru33zAy05TVqRRStyJimOApqwMHwVpKM5JEgjWjwe3Ybz4wbbhMazBUrJOQXspjTglYKXRPcC30AqWlAomDWBOa+6NcBVRC0GUCSOidcTUK3ZJX9ibAi8SfkRKaoRq6X0FX0ixhKVBBjGn7noJOTjRwKtioGGSGKUIHpMfalqYkYaaTT/KM8LFVujiW2r4U8ET9vZGTxJhhEtnJhEDfzHtj8T+vnUF83cl5qjJgKZ0eijOBbfZxObjLNaMghpYQqrn9K6Z9YksBW2HRluDPR14kjfOyf1n27y9KlZtZHQV0iI7QKfLRFaqgO1RFdUTRI3pGr+jNeXJenHfnYzq65Mx2DtAfOJ8/sQCcdg==</latexit>

T0 / 1

p cot �0 � ip

<latexit sha1_base64="Toovuj57v8TjF6xOJeg7MS7DKC0=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Vj04rGC/YAmhM1m0y7dbMLuRCmxP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLM8E1OM63tbK6tr6xWdmqbu/s7u3btYOOTnNFWZumIlW9kGgmuGRt4CBYL1OMJKFg3XB0M/W7D0xpnsp7GGfMT8hA8phTAkYK7BrGmGQeTcGLmAASOIFddxrODHiZuCWpoxKtwP7yopTmCZNABdG67zoZ+AVRwKlgk6qXa5YROiID1jdUkoRpv5idPsEnRolwnCpTEvBM/T1RkETrcRKazoTAUC96U/E/r59DfOUXXGY5MEnni+JcYEjxNAccccUoiLEhhCpubsV0SBShYNKqmhDcxZeXSees4V403LvzevO6jKOCjtAxOkUuukRNdItaqI0oekTP6BW9WU/Wi/VufcxbV6xy5hD9gfX5A+dhkyM=</latexit> ap
co
t
� 0

<latexit sha1_base64="MN6CNcheekKPjrEQObKwJ+esbVM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJewGUY9BLx4jmAcma5id9CZDZmeXmVkhhPyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqHSPJb3ZpSgH9G+5CFn1FjpgRBSosnZY4V0C0W37M5AlomXkSJkqHULX51ezNIIpWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtlTSCLU/nl08IadW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJr/wxl0lqULL5ojAVxMRk+j7pcYXMiJEllClubyVsQBVlxoaUtyF4iy8vk0al7F2UvbvzYvU6iyMHx3ACJfDgEqpwCzWoAwMJz/AKb452Xpx352PeuuJkM0fwB87nD9ufjxY=</latexit>

(ap)2
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<latexit sha1_base64="xE6t0GStZSoXLewVWqBHfxMZZOw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APasWQymTY0yQxJRilD/8ONC0Xc+i/u/BvT6Sy09cC9HM65l9ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+greNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvpn5nUeqNIvlvZkk1Bd4KFnECDZWeghIP8AKpXkPB9WaW3dzoGXiFaQGBZqD6lc/jEkqqDSEY617npsYP8PKMMLptNJPNU0wGeMh7VkqsaDaz/Krp+jEKiGKYmVLGpSrvzcyLLSeiMBOCmxGetGbif95vdREV37GZJIaKsn8oSjlyMRoFgEKmaLE8IklmChmb0VkhBUmxgZVsSF4i19eJu2zundR9+7Oa43rIo4yHMExnIIHl9CAW2hCCwgoeIZXeHOenBfn3fmYj5acYucQ/sD5/AHIgJIM</latexit>

bcūd̄
<latexit sha1_base64="wSBuJjaCcIFmLMCp84S0Ne9mrQk=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARWpCSiKjLoht3VrAXSEKZTCbt0JkkzEyEEupTuPFV3LhQxK3ufBunTRbaemDg4//P4cz5/YRRqSzr2ygtLa+srpXXKxubW9s75u5eR8apwKSNYxaLno8kYTQibUUVI71EEMR9Rrr+6Grqd++JkDSO7tQ4IR5Hg4iGFCOlpb7ZuHEl5bDm+kjAFPr1nAKI68cPjo89J3dy1eubVathzQougl1AFRTV6ptfbhDjlJNIYYakdGwrUV6GhKKYkUnFTSVJEB6hAXE0RogT6WWzuybwSCsBDGOhX6TgTP09kSEu5Zj7upMjNZTz3lT8z3NSFV54GY2SVJEI54vClEEVw2lIMKCCYMXGGhAWVP8V4iESCCsdZUWHYM+fvAidk4Z91rBvT6vNyyKOMjgAh6AGbHAOmuAatEAbYPAInsEreDOejBfj3fjIW0tGMbMP/pTx+QNTW52N</latexit>

O ⇠ (ūb)(d̄c), [bc][ūd̄]

lattice spacing [fm]

from ground En near DB* threshold

<latexit sha1_base64="j91tKDdjgjYBI5AbXkx+/t6G78I=">AAACCHicbVDLSsNAFJ3UV62vqksXDhZBFEoioi5LdeGygn1AU8NkOmmHziRh5kYoIUs3/oobF4q49RPc+TdOHwttPXDhcM693HuPHwuuwba/rdzC4tLySn61sLa+sblV3N5p6ChRlNVpJCLV8olmgoesDhwEa8WKEekL1vQHVyO/+cCU5lF4B8OYdSTphTzglICRvOK+GyhC0xi7NALsdpkAkqXSuz6RXvX+OPOKJbtsj4HniTMlJTRFzSt+ud2IJpKFQAXRuu3YMXRSooBTwbKCm2gWEzogPdY2NCSS6U46fiTDh0bp4iBSpkLAY/X3REqk1kPpm05JoK9nvZH4n9dOILjspDyME2AhnSwKEoEhwqNUcJcrRkEMDSFUcXMrpn1ikgGTXcGE4My+PE8ap2XnvOzcnpUq1WkcebSHDtARctAFqqAbVEN1RNEjekav6M16sl6sd+tj0pqzpjO76A+szx8KeplY</latexit>

p
co
t
�

m
D
+

m
⇤ B

a0<0

M. Padmanath et al, 2307.1428: JP=1+

<latexit sha1_base64="Wvll/ebljxY4sLzkxlxztKMZ88U=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEqlgSEXVZqguXFfqCNobJdNIOnUnCzEQoIbjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xIkalsqxvI7ewuLS8kl8trK1vbG6Z2ztNGcYCkwYOWSjaHpKE0YA0FFWMtCNBEPcYaXnD67HfeiBC0jCoq1FEHI76AfUpRkpLrrnH3aTuJh5O01NY4u7NiRaq98fpkWsWrbI1AZwndkaKIEPNNb+6vRDHnAQKMyRlx7Yi5SRIKIoZSQvdWJII4SHqk46mAeJEOsnkhRQeaqUH/VDoChScqL8nEsSlHHFPd3KkBnLWG4v/eZ1Y+VdOQoMoViTA00V+zKAK4TgP2KOCYMVGmiAsqL4V4gESCCudWkGHYM++PE+aZ2X7omzfnRcr1SyOPNgHB6AEbHAJKuAW1EADYPAInsEreDOejBfj3fiYtuaMbGYX/IHx+QOcs5ZG</latexit>

mTbc � (mD +mB⇤)

after continuum extrap. and 

chiral extrap. from m𝜋 = 0.5 − 1	GeV

<latexit sha1_base64="4zMkHp7POTqT/vvBBFXhlTYd53c=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Con42ghFF7qsYB/QhDCZTtqhM0mYmQglRNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvfcECaNS2fa3MTe/sLi0XFmprq6tb2yaW9stGacCkyaOWSw6AZKE0Yg0FVWMdBJBEA8YaQfDq8Jv3xMhaRzdqVFCPI76EQ0pRkpLvrnL/cxNaH5hWyfwweVIDQTPrkkrh75Zsy17DDhLnJLUQImGb365vRinnEQKMyRl17ET5WVIKIoZyatuKkmC8BD1SVfTCHEivWz8Qw4PtNKDYSx0RQqO1d8TGeJSjnigO4sj5bRXiP953VSF515GoyRVJMKTRWHKoIphEQjsUUGwYiNNEBZU3wrxAAmElY6tqkNwpl+eJa0jyzm1nNvjWv2yjKMC9sA+OAQOOAN1cAMaoAkweATP4BW8GU/Gi/FufExa54xyZgf8gfH5A/4Jlxs=</latexit>

m⇡ = 0.5 GeV

approx

pole in T :

real bound st.

<latexit sha1_base64="ir0KAS2wr/fsws13zdRiJjm96d4="></latexit>

T / 1

p cot � � ip
, p cot � = 1

a0

1
a0

� ip = 0 ! pb = �i 1
a0

= i | 1
a0
|

(p
≈
0)

<latexit sha1_base64="uMeF0rq4CCx9zjTp8PwdTKozOMY=">AAACA3icbZDLSsNAFIYn9VbrLepON1OLILSURLxthKIbdVXBXqBJy2Q6aYdOLsxMhBIqbnwVNy4UcetLuPNtnKZZaOsPAx//OYcz53dCRoU0jG8tMze/sLiUXc6trK6tb+ibW3URRByTGg5YwJsOEoRRn9QklYw0Q06Q5zDScAaX43rjnnBBA/9ODkNie6jnU5diJJXV0XfgtZU/t/JGCT7ctKsJm+1iyWgXO3rBKBuJ4CyYKRRAqmpH/7K6AY484kvMkBAt0wilHSMuKWZklLMiQUKEB6hHWgp95BFhx8kNI7ivnC50A66eL2Hi/p6IkSfE0HNUp4dkX0zXxuZ/tVYk3TM7pn4YSeLjySI3YlAGcBwI7FJOsGRDBQhzqv4KcR9xhKWKLadCMKdPnoX6Ydk8KR/fHhUqF2kcWbAL9sABMMEpqIArUAU1gMEjeAav4E170l60d+1j0prR0plt8Efa5w9Pu5Qh</latexit>

I=0, JP =1+, 0+

26
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<latexit sha1_base64="eRuFUwuxdmX6X98IyRVgbii+/To=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APasWQymTY0kwxJRilD/8ONC0Xc+i/u/BvT6Sy09cC9HM65l9ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMb2Z+55EqzaS4N5OE+jEeChYxgo2VHgjpB1ihMO/poFpz624OtEy8gtSgQHNQ/eqHkqQxFYZwrHXPcxPjZ1gZRjidVvqppgkmYzykPUsFjqn2s/zqKTqxSogiqWwJg3L190aGY60ncWAnY2xGetGbif95vdREV37GRJIaKsj8oSjlyEg0iwCFTFFi+MQSTBSztyIywgoTY4Oq2BC8xS8vk/ZZ3buon9+d1xrXRRxlOIJjOAUPLqEBt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QPKoZIQ</latexit>

ccd̄ū

LHCb 2109.01038, 2109.01056, Nature Physics

<latexit sha1_base64="t5I/qc0R2RKmEeHAjqbPNX5bZRA=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoMgiGFXQ/QiBL14ESKYB2SXZXbSSYbM7C4zs0JY4j948Ve8eFDEqwdv/o2Tx0ETCxqKqm66u4KYM6Vt+9vKLCwuLa9kV3Nr6xubW/ntnbqKEkmhRiMeyWZAFHAWQk0zzaEZSyAi4NAI+lcjv3EPUrEovNODGDxBuiHrMEq0kfz8kdsGrgkWfhpHHIYX+NgunpbdWGC7aJceXEF0T4r0BupDP18w2hh4njhTUkBTVP38l9uOaCIg1JQTpVqOHWsvJVIzanbl3ERBTGifdKFlaEgEKC8dPzXEB0Zp404kTYUaj9XfEykRSg1EYDpHN6pZbyT+57US3Tn3UhbGiYaQThZ1Eo51hEcJ4TaTQDUfGEKoZOZWTHtEEqpNjjkTgjP78jypnxSdcrF0WypULqdxZNEe2keHyEFnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvGms7soj+wPn8AYRidKw==</latexit>

�mpole = �0.36± 0.04 MeV

<latexit sha1_base64="j7tZL4+loHwool7LvHdsfPHdzlk=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFqBZLIkXdCEVduKxgL9DWMplM2qEzSZiZCCVk6cZXceNCEbc+gjvfxmmahVp/GPj4zzmcOb8TMiqVZX0Zubn5hcWl/HJhZXVtfcPc3GrKIBKYNHDAAtF2kCSM+qShqGKkHQqCuMNIyxldTuqteyIkDfxbNQ5Jj6OBTz2KkdJW39ztuoQpBPk5Pyrxfnx1Fx+Wk6ScopUc9M2iVbFSwVmwMyiCTPW++dl1Axxx4ivMkJQd2wpVL0ZCUcxIUuhGkoQIj9CAdDT6iBPZi9NDErivHRd6gdDPVzB1f07EiEs55o7u5EgN5d/axPyv1omUd9aLqR9Givh4usiLGFQBnKQCXSoIVmysAWFB9V8hHiKBsNLZFXQI9t+TZ6F5XLFPKtWbarF2kcWRBztgD5SADU5BDVyDOmgADB7AE3gBr8aj8Wy8Ge/T1pyRzWyDXzI+vgGmX5h5</latexit>

�m = m� (mD⇤+ +mD0)
D*+D0 D*0D+

<latexit sha1_base64="L/LTANhmX+XEQZFyjWOhObz+dPw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUoiRV0WFXRZwT6gSctkOmmHziRhZiKUUDdu/BU3LhRx6ze482+ctFlo62EGDufcy733eBGjUlnWt5FbWFxaXsmvFtbWNza3zO2dhgxjgUkdhywULQ9JwmhA6ooqRlqRIIh7jDS94WXqN++JkDQM7tQoIi5H/YD6FCOlpa65DyEvXXUs/ZyIdo6PHhyO1EDw5Jo0xl2zaJWtCeA8sTNSBBlqXfPL6YU45iRQmCEp27YVKTdBQlHMyLjgxJJECA9Rn7Q1DRAn0k0mZ4zhoVZ60A+F/oGCE/V3R4K4lCPu6cp0RznrpeJ/XjtW/rmb0CCKFQnwdJAfM6hCmGYCe1QQrNhIE4QF1btCPEACYaWTK+gQ7NmT50njpGyfliu3lWL1IosjD/bAASgBG5yBKrgBNVAHGDyCZ/AK3own48V4Nz6mpTkj69kFf2B8/gD0gZeT</latexit>

m(D0D0⇡+) GeV

The longest lived exotic hadron ever discovered  

I=0, JP=1+  (most likely)

Omitting 

Tcc would be a bound state

<latexit sha1_base64="qIO9LtQ9+94oLlDpqlpTCu5YrZI=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4siIiURUZdFu3BZoS9oYphMp+3QySTMTIQSunfjr7hxoYhbf8Cdf+MkzUJbDwwczrmXO+f4EaNSWda3UVhaXlldK66XNja3tnfM3b22DGOBSQuHLBRdH0nCKCctRRUj3UgQFPiMdPzxTep3HoiQNORNNYmIG6AhpwOKkdKSZ5br9ydHjgph3YnoqQNh00swnmZKKjlOyTMrVtXKABeJnZMKyNHwzC+nH+I4IFxhhqTs2Vak3AQJRTEj05ITSxIhPEZD0tOUo4BIN8myTOGhVvpwEAr9uIKZ+nsjQYGUk8DXkwFSIznvpeJ/Xi9Wgys3oTyKFeF4dmgQM6iTpsXAPhUEKzbRBGFB9V8hHiGBsNL1pSXY85EXSfusal9U7bvzSu06r6MIDkAZHAMbXIIauAUN0AIYPIJn8ArejCfjxXg3PmajBSPf2Qd/YHz+AJ/CmOY=</latexit>

D⇤ ! D⇡, Tcc ! DD⇡

13

Tcc from LHCb experiment
<latexit sha1_base64="9KYyPdxMPssSl23IvpIEOIucDV4=">AAAB8nicbVDLSgMxFM34rPVVdekmWARxUWZEqsuiXbisYB8wM5ZMmmlDM8mQ3BFK6We4caGIW7/GnX9j2s5CWw8EDufcS+45USq4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hMU9akSijdiYhhgkvWBA6CdVLNSBIJ1o6Gt1O//cS04Uo+wChlYUL6ksecErCSX388D0DhepDybqnsVtwZ8DLxclJGORrd0lfQUzRLmAQqiDG+56YQjokGTgWbFIPMsJTQIekz31JJEmbC8ezkCT61Sg/HStsnAc/U3xtjkhgzSiI7mRAYmEVvKv7n+RnE1+GYyzQDJun8ozgT2Kac5sc9rhkFMbKEUM3trZgOiCYUbEtFW4K3GHmZtC4qXrVSvb8s127yOgroGJ2gM+ShK1RDd6iBmogihZ7RK3pzwHlx3p2P+eiKk+8coT9wPn8AO0eQlw==</latexit>

D⇤ ! D⇡
<latexit sha1_base64="OZeb98RP9XdUx/lDhBDZypdiz54="></latexit>

m⇡0 ' 135 MeV

mD⇤+�mD+ ' 140 MeV
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Tcc from lattice 
all analyzed in 2402.14715, PRD 

Collins, Nefediev, Padmanath , SP;

mc mpi L ensmbles ref.

five values
mD=1.7–2.4 GeV 

280 MeV ~ 2.1, 2.8  fm CLS Nf=2+1 our, 2402.14715, PRD,
Padmanath &SP, 
2202.10110 PRL
eigenenergies

mc mpi L ensembles ref.
~ physical 146 MeV ~ 8 fm Nf=2+1 HALQCD, 2302.04505, PRL

HALQCD potentials

~ physical 280 MeV ~ 2.1, 2.8  fm Nf=2+1, CLS our,  2402.14715, PRD
eigenenergies

~ physical 348 MeV ~ 2.4 fm Nf=2 CLQCD, 2206.06186, PLB
eigenenergies

all simulations :

single lattice spacing
(J. Green et al are  exploring

several lattice spacings, lat 2023, unpublished)

<latexit sha1_base64="QdqQIq7jCBhigT76wP1U1piINxU=">AAACBHicbVC7TsMwFHV4lvIKMHZxqZAYUJUgBCygChbGItGH1ITIcZzWqp1EtoNURRlY+BUWBhBi5SPY+BvcNgO0HOleHZ1zr+x7/IRRqSzr21hYXFpeWS2tldc3Nre2zZ3dtoxTgUkLxywWXR9JwmhEWooqRrqJIIj7jHT84fXY7zwQIWkc3alRQlyO+hENKUZKS55Z4V7qVC+cKuReAC91z9KjIL/PkkHumTWrbk0A54ldkBoo0PTMLyeIccpJpDBDUvZsK1FuhoSimJG87KSSJAgPUZ/0NI0QJ9LNJkfk8EArAQxjoStScKL+3sgQl3LEfT3JkRrIWW8s/uf1UhWeuxmNklSRCE8fClMGVQzHicCACoIVG2mCsKD6rxAPkEBY6dzKOgR79uR50j6u26d1+/ak1rgq4iiBCtgHh8AGZ6ABbkATtAAGj+AZvII348l4Md6Nj+noglHs7IE/MD5/AN36lvw=</latexit>

mu=md > mph
u,d

recent Hsc 2405.15741 
presented at the end 

first extraction of T(E) for Tcc:
Padmanath & SP, 2202.10110 PRL



Tcc : finite-volume eigen-energies
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<latexit sha1_base64="5xufGvckSJOCvnk07DfQF5gAZHE="></latexit>

En.i. =
q

m2
D + ~p 2

1 +
q
m2

D⇤ + ~p 2
2

~pi = ~ni
2⇡
L

lines

<latexit sha1_base64="kpCvPLgCmT+S1Q4uN8o+2xNkPSY=">AAAB+HicbVBNS8NAEN34WetHox69bC2Cp5KIVC9C0YvHCvYDmlA222m7dLMJu5tCTftLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDmTGnH+bbW1jc2t7ZzO/ndvf2Dgn141FBRIinUacQj2QqIAs4E1DXTHFqxBBIGHJrB8G7mN0cgFYvEox7H4IekL1iPUaKN1LELeOKNgOLaxCveeEWnY5ecsjMHXiVuRkooQ61jf3ndiCYhCE05UartOrH2UyI1oxymeS9REBM6JH1oGypICMpP54dP8ZlRurgXSVNC47n6eyIloVLjMDCdIdEDtezNxP+8dqJ7137KRJxoEHSxqJdwrCM8SwF3mQSq+dgQQiUzt2I6IJJQbbLKmxDc5ZdXSeOi7FbKlYfLUvU2iyOHTtApOkcuukJVdI9qqI4oStAzekVv1pP1Yr1bH4vWNSubOUZ/YH3+ALPMkdU=</latexit>

|~P |=0
<latexit sha1_base64="lXAGI84/tz8RhtObsimDOz/GgJU=">AAAB+HicbVBNS8NAEN34WetHox69bC2Cp5KIVC9C0YvHCvYDmlA222m7dLMJu5tCTftLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDmTGnH+bbW1jc2t7ZzO/ndvf2Dgn141FBRIinUacQj2QqIAs4E1DXTHFqxBBIGHJrB8G7mN0cgFYvEox7H4IekL1iPUaKN1LELeOKNgOLaxCveeEW3Y5ecsjMHXiVuRkooQ61jf3ndiCYhCE05UartOrH2UyI1oxymeS9REBM6JH1oGypICMpP54dP8ZlRurgXSVNC47n6eyIloVLjMDCdIdEDtezNxP+8dqJ7137KRJxoEHSxqJdwrCM8SwF3mQSq+dgQQiUzt2I6IJJQbbLKmxDc5ZdXSeOi7FbKlYfLUvU2iyOHTtApOkcuukJVdI9qqI4oStAzekVv1pP1Yr1bH4vWNSubOUZ/YH3+ALVQkdY=</latexit>

|~P |=1

<latexit sha1_base64="mfDTboP+elmvgoErqJeslxp5PM8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16SS2Cp7IrUr0IRS8eK9gP6C4lm2bb0Gw2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXig508Z1v53C2vrG5lZxu7Szu7d/UD48auskVYS2SMIT1Q2xppwJ2jLMcNqViuI45LQTju9mfueJKs0S8WgmkgYxHgoWMYKNlTrcr9z4Fbdfrro1dw60SrycVCFHs1/+8gcJSWMqDOFY657nShNkWBlGOJ2W/FRTickYD2nPUoFjqoNsfu4UnVllgKJE2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf1UhNdBxkTMjVUkMWiKOXIJGj2OxowRYnhE0swUczeisgIK0yMTahkQ/CWX14l7YuaV6/VHy6rjds8jiKcwCmcgwdX0IB7aEILCIzhGV7hzZHOi/PufCxaC04+cwx/4Hz+ANvCjp4=</latexit>

l=0
<latexit sha1_base64="NK6J/8VSRnvDmMNNYAyh7aieF6Q=">AAAB8HicbVDLSgNBEOyNrxhfUY9eJgbBg4RdkehFCHrxGME8JLuE2clsMmRmdpmZFcKSr/DiQRGvfo43/8bJ46CJBQ1FVTfdXWHCmTau++3kVlbX1jfym4Wt7Z3dveL+QVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHg78VtPVGkWywczSmggcF+yiBFsrPTI/dK1X3LPvG6x7FbcKdAy8eakDHPUu8UvvxeTVFBpCMdadzw3MUGGlWGE03HBTzVNMBniPu1YKrGgOsimB4/RiVV6KIqVLWnQVP09kWGh9UiEtlNgM9CL3kT8z+ukJroKMiaT1FBJZouilCMTo8n3qMcUJYaPLMFEMXsrIgOsMDE2o4INwVt8eZk0zytetVK9vyjXbuZx5OEIjuEUPLiEGtxBHRpAQMAzvMKbo5wX5935mLXmnPnMIfyB8/kDtnmPDw==</latexit>

l=0, 1

lhc

<latexit sha1_base64="Cji4KW7KD8Vy0HmJuWRRpO+uadg=">AAACE3icbVDLSgNBEJz1bXxFPXqZGAQJGHZFosegHjwqmAdk4zI7mU2GzOwsM71CWPYfvPgrXjwo4tWLN//GSczBV0FDUdVNd1eYCG7AdT+cmdm5+YXFpeXCyura+kZxc6tpVKopa1AllG6HxDDBY9YADoK1E82IDAVrhcOzsd+6ZdpwFV/DKGFdSfoxjzglYKWgWMEyyM5vKrlfOvBLMjj3S36iVQLKL2EfIk1o5uWZDGgeFMtu1Z0A/yXelJTRFJdB8d3vKZpKFgMVxJiO5ybQzYgGTgXLC35qWELokPRZx9KYSGa62eSnHO9ZpYcjpW3FgCfq94mMSGNGMrSdksDA/PbG4n9eJ4XopJvxOEmBxfRrUZQKDAqPA8I9rhkFMbKEUM3trZgOiM0BbIwFG4L3++W/pHlY9WrV2tVRuX46jWMJ7aBdtI88dIzq6AJdogai6A49oCf07Nw7j86L8/rVOuNMZ7bRDzhvnxEanRc=</latexit>

m
D

⇤�m
D /

1m
c

≈mc
ph

Collins, Nefediev, Padmanath , SP, 2402.14715, PRD 



Tcc : scattering amplitude
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δ(E)            E  

lhc
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Tcc : Pion exchange, left-hand cut etc

<latexit sha1_base64="IgaxaCYVWsqr5AZonFytGbWBMKk=">AAACI3icbVDLSgMxFM3UV62vUZdugkVxVWaKL4pI0Y3LCvYBzVgyadqGJjNDkhHKMP/ixl9x40Ipblz4L6YPobYeuHA4517uvcePOFPacb6szNLyyupadj23sbm1vWPv7tVUGEtCqyTkoWz4WFHOAlrVTHPaiCTFwue07vdvR379iUrFwuBBDyLqCdwNWIcRrI3UsktIYN2TIuFYpyUEj5GIWyhij8VrB6Hcrxv10hJEcMa+clp23ik4Y8BF4k5JHkxRadlD1A5JLGigCcdKNV0n0l6CpWaE0zSHYkUjTPq4S5uGBlhQ5SXjH1N4ZJQ27ITSVKDhWJ2dSLBQaiB80zm6Wc17I/E/rxnrzqWXsCCKNQ3IZFEn5lCHcBQYbDNJieYDQzCRzNwKSQ9LTLSJNWdCcOdfXiS1YsE9L5zdn+bLN9M4suAAHIIT4IILUAZ3oAKqgIBn8ArewYf1Yr1ZQ+tz0pqxpjP74A+s7x/g66Mk</latexit>

lat : µ2
⇡ > 0

ph : µ2
⇡ < 0

attraction at

short distance 

slight repulsion 

at long distance 

Re(z)

Im(z)

Re(p2)

Im(p2)

branch cut

branch 
point 
z=0

branch 
point

left-hand cut 
(lhc)

<latexit sha1_base64="dODPFztuB06hK8xdPZphJX+GMPs=">AAACCHicbVDLSsNAFJ3UV62vqEsXTi2CG0tS6mMjFN24rGAf0KRlMp20QyfJMDMRSsjSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7j8cZlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUUC0waOGKRaHtIEkZD0lBUMdLmgqDAY6TljW4mfuuBCEmj8F6NOXEDNAipTzFSWuqZhxDybsUpXjnFU0f5AuHECeKew2m3kibVtGeWrLI1BVwkdkZKIEO9Z345/QjHAQkVZkjKjm1x5SZIKIoZSQtOLAlHeIQGpKNpiAIi3WT6SAqPtdKHfiR0hQpO1d8TCQqkHAee7gyQGsp5byL+53Vi5V+6CQ15rEiIZ4v8mEEVwUkqsE8FwYqNNUFYUH0rxEOk01A6u4IOwZ5/eZE0K2X7vHx2Vy3VrrM48uAAHIETYIMLUAO3oA4aAINH8AxewZvxZLwY78bHrDVnZDP74A+Mzx+fBJiB</latexit>

p2=�µ2
⇡
4

<latexit sha1_base64="Igku7uolNWIZwbOIGNBjDY5VWc4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5gFJCLOT3mTI7Ow6MyvEJT/hxYMiXv0db/6Nk2QPmljQUFR1093lx4Jr47rfztLyyuraem4jv7m1vbNb2Nuv6yhRDGssEpFq+lSj4BJrhhuBzVghDX2BDX94M/Ebj6g0j+S9GcXYCWlf8oAzaqzUJKQtZOnppFsoumV3CrJIvIwUIUO1W/hq9yKWhCgNE1TrlufGppNSZTgTOM63E40xZUPax5alkoaoO+n03jE5tkqPBJGyJQ2Zqr8nUhpqPQp92xlSM9Dz3kT8z2slJrjqpFzGiUHJZouCRBATkcnzpMcVMiNGllCmuL2VsAFVlBkbUd6G4M2/vEjqp2Xvonx+d1asXGdx5OAQjqAEHlxCBW6hCjVgIOAZXuHNeXBenHfnY9a65GQzB/AHzucPp++PFQ==</latexit>

ln(z)
<latexit sha1_base64="GYQDJ4RLDPLWaDQDJCY428mUkuM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpSZ4mtZdOOyQl/QGYdMmmlDM5mQZIQyFNz4K25cKOLWn3Dn35g+EK0euHByzr3k3hMKRpV2nE8rt7C4tLySXy2srW9sbtnbO02VpBKTBk5YItshUoRRThqaakbaQhIUh4y0wsHV2G/dEalowut6KIgfox6nEcVIGymw9yBsBp6gJXFbOTqGHqx/vwK76JSdCeBf4s5IEcxQC+wPr5vgNCZcY4aU6riO0H6GpKaYkVHBSxURCA9Qj3QM5Sgmys8mN4zgoVG6MEqkKa7hRP05kaFYqWEcms4Y6b6a98bif14n1dGFn1EuUk04nn4UpQzqBI4DgV0qCdZsaAjCkppdIe4jibA2sRVMCO78yX9Js1J2z8qnNyfF6uUsjjzYBwegBFxwDqrgGtRAA2BwDx7BM3ixHqwn69V6m7bmrNnMLvgF6/0L/mKVNQ==</latexit>

V⇡(p
2), T⇡(p

2)

<latexit sha1_base64="Ash3qFdD4n+4uaiCZtfsuRD7HMs="></latexit>

V S
⇡ (p, p) / ln

✓
1 +

4p2

µ2
⇡

◆

<latexit sha1_base64="pf8XI5Xp+7DmKrRK9pLI4MXQ49c=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIVJdFN7qrYB/QGUomzbShSWZIMsI41F9x40IRt36IO//GTDsLbT0QOJxzL/fkBDGjSjvOt7Wyura+sVnaKm/v7O7t2weHHRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyXXudx+IVDQS9zqNic/RSNCQYqSNNLAr0ONIjyXPbvm05jEBH08HdtWpOzPAZeIWpAoKtAb2lzeMcMKJ0JghpfquE2s/Q1JTzMi07CWKxAhP0Ij0DRWIE+Vns/BTeGKUIQwjaZ7QcKb+3sgQVyrlgZnMk6pFLxf/8/qJDi/9jIo40UTg+aEwYVBHMG8CDqkkWLPUEIQlNVkhHiOJsDZ9lU0J7uKXl0nnrO426o2782rzqqijBI7AMagBF1yAJrgBLdAGGKTgGbyCN+vJerHerY/56IpV7FTAH1ifP96NlEg=</latexit>

Im(ln z)

Heavy meson ChPT

lhc slightly below 
DD*, BB*, NN ... th.

(p)             

(-p)               

<latexit sha1_base64="MJPkMhwWDyJ9NdXp3SrBdoJcu6g=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpIUqS6LblxWsA9o0jKZTtqhM5MwMxFKyN6Nv+LGhSJu/QF3/o3TNgttPXDhcM693HtPEDOqtON8W4W19Y3NreJ2aWd3b//APjxqqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBNMbmZ+54FIRSNxr6cx8TkaCRpSjLSRBnbZ06FEOPV4MvBi2q9lqcxIPz3PBSizgV1xqs4ccJW4OamAHM2B/eUNI5xwIjRmSKme68TaT5HUFDOSlbxEkRjhCRqRnqECcaL8dP5LBk+NMoRhJE0JDefq74kUcaWmPDCdHOmxWvZm4n9eL9HhlZ9SESeaCLxYFCYM6gjOgoFDKgnWbGoIwpKaWyEeI5ONNvGVTAju8surpF2ruvVq/e6i0rjO4yiCE1AGZ8AFl6ABbkETtAAGj+AZvII368l6sd6tj0VrwcpnjsEfWJ8/xqqbhg==</latexit>

µ2
⇡
r e�µ⇡r

<latexit sha1_base64="0ekO2nk0RJBgEKxISMCfe3lKRGg="></latexit>

V S
⇡ (p, p) /

Z
V⇡(~q) d cos ✓, ~q 2 = 2p2(1� cos ✓)

<latexit sha1_base64="quv6oMa352GBUS8xSyazd4na6KA="></latexit>

q2 = q20 � ~q 2 ' (mD⇤�mD)2 � ~q 2

complex p cot 𝛿	(Luscher's	eq	would	render	it	real)

Re[z]

Im[z]

<latexit sha1_base64="8YysvHW2VWGqDKlLSwHcrJGYE+s="></latexit>

V cent
⇡ (~q) =

g2c
4f2

⇡

~q 2

q2 �m2
⇡

=
g2c
4f2

⇡

✓
�1 +

µ2
⇡

~q 2 + µ2
⇡

◆

<latexit sha1_base64="rQb8qDNigJapErxzFDYGtfeAla8=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aQxCcjDMqESPQS8eI5gFMmPo6alJmvQsdPcEwpiDv+LFgyJe/Q1v/o2d5aCJDwoe71VRVc9LOJPKsr6NpeWV1bX13EZ+c2t7Z9fc22/IOBUU6jTmsWh5RAJnEdQVUxxaiQASehyaXv9m7DcHICSLo3s1TMANSTdiAaNEaaljHuJTxweuyENWPC+Nis4AKBaljlmwytYEeJHYM1JAM9Q65pfjxzQNIVKUEynbtpUoNyNCMcphlHdSCQmhfdKFtqYRCUG62eT+ET7Rio+DWOiKFJ6ovycyEko5DD3dGRLVk/PeWPzPa6cquHIzFiWpgohOFwUpxyrG4zCwzwRQxYeaECqYvhXTHhGEKh1ZXodgz7+8SBpnZbtSrtxdFKrXszhy6AgdoyKy0SWqoltUQ3VE0SN6Rq/ozXgyXox342PaumTMZg7QHxifP6rwlJw=</latexit>

��(3)(~r)

s-wave projection

2 Sasa Prelovsek                              Exotic hadrons from lattice



Tcc analysis based on EFT

Sasa Prelovsek                              Exotic hadrons from lattice 19

Du, Hanhart, Guo, Nefediev, Filin, et al, PRL 2023, 2303.09441

<latexit sha1_base64="tipL5nKh3OTqdGERu2S+AUU9ANE=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KknxtSy6cVnBPqAJYTKdtEMnD2cmhRKycOOvuHGhiFs/wp1/47TNQlsPXDiccy/33uMnnEllWd/Gyura+sZmaau8vbO7t28eHLZlnApCWyTmsej6WFLOItpSTHHaTQTFoc9pxx/dTP3OmArJ4uheTRLqhngQsYARrLTkmRXkqEBgkg08kmf1wHMSliNnTAl68MyqVbNmQMvELkgVCjQ988vpxyQNaaQIx1L2bCtRboaFYoTTvOykkiaYjPCA9jSNcEilm82eyNGJVvooiIWuSKGZ+nsiw6GUk9DXnSFWQ7noTcX/vF6qgis3Y1GSKhqR+aIg5UjFaJoI6jNBieITTTARTN+KyBDrTJTOraxDsBdfXibtes2+qJ3fnVUb10UcJajAMZyCDZfQgFtoQgsIPMIzvMKb8WS8GO/Gx7x1xShmjuAPjM8fRtmX3w==</latexit> gc
2f⇡

~q<latexit sha1_base64="z8KZrfnl18TKzdHK8L3rh6xr0/8=">AAACEHicbVDLSgMxFM3UV62vUZduUotYKZSZwddGKHbjskJf0GmHTJq2oZmZkGSEMvQT3Pgrblwo4talO//G9LHQ1gP3cjjnXpJ7fM6oVJb1baRWVtfWN9Kbma3tnd09c/+gLqNYYFLDEYtE00eSMBqSmqKKkSYXBAU+Iw1/WJ74jQciJI3Cqhpx0g5QP6Q9ipHSkmeewrqXlKvjGwd7VkE3J887jpstuFneSVwuaECgMz7zzJxVtKaAy8SekxyYo+KZX243wnFAQoUZkrJlW1y1EyQUxYyMM24sCUd4iPqkpWmIAiLbyfSgMTzRShf2IqErVHCq/t5IUCDlKPD1ZIDUQC56E/E/rxWr3nU7oSGPFQnx7KFezKCK4CQd2KWCYMVGmiAsqP4rxAMkEFY6w4wOwV48eZnUnaJ9Wby4P8+VbudxpMEROAZ5YIMrUAJ3oAJqAINH8AxewZvxZLwY78bHbDRlzHcOwR8Ynz9sPZpY</latexit>

VCT = 2c0 + 2c2(p
2+p02)

c0,2 fitted from lat. data

significant short-distance attraction

<latexit sha1_base64="u3Fblr72U5emSnmnZro9zhbLKV8=">AAACCnicbZDLSsNAFIYn9VbjLerSzWhRBGlJRKoboeiiLiu0aaGJZTKdtEMnF2YmQglZu/FV3LhQxK1P4M63cdpmodUfBj7+cw5nzu/FjAppml9aYWFxaXmluKqvrW9sbhnbO7aIEo5JC0cs4h0PCcJoSFqSSkY6MSco8Bhpe6PrSb19T7igUdiU45i4ARqE1KcYSWX1jH3YPLq0y3a96Ti6QsfnCKdWltp3adnKTupZzyiZFXMq+BesHEogV6NnfDr9CCcBCSVmSIiuZcbSTRGXFDOS6U4iSIzwCA1IV2GIAiLcdHpKBg+V04d+xNULJZy6PydSFAgxDjzVGSA5FPO1iflfrZtI/8JNaRgnkoR4tshPGJQRnOQC+5QTLNlYAcKcqr9CPEQqDKnS01UI1vzJf8E+rVjVSvX2rFS7yuMogj1wAI6BBc5BDdyABmgBDB7AE3gBr9qj9qy9ae+z1oKWz+yCX9I+vgGWophZ</latexit>

T = V � V GT

T =
1

V �1 +G

inspired by

integral 

equation=

Collins, Nefediev, Padmanath , SP, 2402.14715, PRD 

Limann-Schwinger eq.

Bethe-Salpeter eq.
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Tcc : scattering amplitude and pole trajectory

levels below lhc omitted from the fit

reassuring:  plane-wave method incorporates levels below lhc and gets consistent s-
wave amplitude Meng, Baru, Epelbaum et al., 2312.01930, PRD

<latexit sha1_base64="dzUTruxfSaH6LWw1+f7st800PpM=">AAACCXicbVA9SwNBEN2LXzF+RS1tNgbBKtwFiSmDNjZCBPMBuSPsbSbJkt27c3dPCEcsbfwrNhaK2PoP7Pw3bpIrNPHBwOO9GWbm+RFnStv2t5VZWV1b38hu5ra2d3b38vsHTRXGkkKDhjyUbZ8o4CyAhmaaQzuSQITPoeWPLqd+6x6kYmFwq8cReIIMAtZnlGgjdfNYdN2IuQVXMQF3bgGXq/aDK4geSpFcQ3PSzRftkj0DXiZOSoooRb2b/3J7IY0FBJpyolTHsSPtJURqRjlMcm6sICJ0RAbQMTQgApSXzD6Z4BOj9HA/lKYCjWfq74mECKXGwjed0xvVojcV//M6se5XvYQFUawhoPNF/ZhjHeJpLLjHJFDNx4YQKpm5FdMhkYRqE17OhOAsvrxMmuWSUylVbs6KtYs0jiw6QsfoFDnoHNXQFaqjBqLoET2jV/RmPVkv1rv1MW/NWOnMIfoD6/MHZMCZiQ==</latexit>

m⇡'280 MeV

2

resonance pole
virtual state pole
lhc
arrow: increasing mc

Collins, Nefediev, Padmanath , SP, 2402.14715, PRD 



10

Tcc  : interpretation

reg.

V almost independent on mc

attraction increases with decreasing mu/d

<latexit sha1_base64="MJPkMhwWDyJ9NdXp3SrBdoJcu6g=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpIUqS6LblxWsA9o0jKZTtqhM5MwMxFKyN6Nv+LGhSJu/QF3/o3TNgttPXDhcM693HtPEDOqtON8W4W19Y3NreJ2aWd3b//APjxqqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBNMbmZ+54FIRSNxr6cx8TkaCRpSjLSRBnbZ06FEOPV4MvBi2q9lqcxIPz3PBSizgV1xqs4ccJW4OamAHM2B/eUNI5xwIjRmSKme68TaT5HUFDOSlbxEkRjhCRqRnqECcaL8dP5LBk+NMoRhJE0JDefq74kUcaWmPDCdHOmxWvZm4n9eL9HhlZ9SESeaCLxYFCYM6gjOgoFDKgnWbGoIwpKaWyEeI5ONNvGVTAju8surpF2ruvVq/e6i0rjO4yiCE1AGZ8AFl6ABbkETtAAGj+AZvII368l6sd6tj0VrwcpnjsEfWJ8/xqqbhg==</latexit>

µ2
⇡
r e�µ⇡r

> 0

<latexit sha1_base64="dAgvLMzx/TeK4/edmNtqcmIllC4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQhJIUqW6EopsuK9gHtDFMppN26MwkzEyEGoK/4saFIm79D3f+jdM2C209cOFwzr3ce08QM6q043xbS8srq2vrhY3i5tb2zq69t99SUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxjdTPz2A5GKRuJOj2PicTQQNKQYaSP59mH9qnXWCyXCaXxfydIK92Xm2yWn7EwBF4mbkxLI0fDtr14/wgknQmOGlOq6Tqy9FElNMSNZsZcoEiM8QgPSNVQgTpSXTq/P4IlR+jCMpCmh4VT9PZEirtSYB6aTIz1U895E/M/rJjq89FIq4kQTgWeLwoRBHcFJFLBPJcGajQ1BWFJzK8RDZKLQJrCiCcGdf3mRtCplt1qu3p6Xatd5HAVwBI7BKXDBBaiBOmiAJsDgETyDV/BmPVkv1rv1MWtdsvKZA/AH1ucP1v6U3A==</latexit>

H = V +
p
2

2mr

V(q)

FT
Potential for five different mc

Collins, Nefediev, Padmanath , SP, 2402.14715, PRD 



Hadrons from coupled-channel scattering
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Coupled-channel scattering

Sasa Prelovsek
Spectroscopy of excited states 81

most of hadronic resonances decay strongly to several final states

almost all exotic hadrons decay stronly to several final states

R → H1 H2 , H1
'
 H2

'
 



Resonances in K𝛑, K𝛈 coupled-channel scattering, I=1/2, l=0

Sasa Prelovsek
Spectroscopy of excited states 82

first coupled-channel scattering study: 

HSC (Wilson, Dudek,Edwards, Thomas): PRL 2014, PRD 2014

<latexit sha1_base64="hzusA4otzBYqquc3SHigZ3yIWzM=">AAACKHicbVDLSgMxFM34rPVVdekmWIQWpMwURXFj0Y3gwgr2AZ1hyKS3bWjm0SRTKKWf48ZfcSOiSLd+ielDtK0HLpyccy+593gRZ1KZ5tBYWl5ZXVtPbCQ3t7Z3dlN7+2UZxoJCiYY8FFWPSOAsgJJiikM1EkB8j0PFa9+M/EoXhGRh8Kh6ETg+aQaswShRWnJTV/eX2PaIwJ3OCb7L2F2gOHKtrB2xn0c+O+uAIr+Wm0qbOXMMvEisKUmjKYpu6s2uhzT2IVCUEylrlhkpp0+EYpTDIGnHEiJC26QJNU0D4oN0+uNDB/hYK3XcCIWuQOGx+neiT3wpe76nO32iWnLeG4n/ebVYNS6cPguiWEFAJx81Yo5ViEep4ToTQBXvaUKoYHpXTFtEEKp0tkkdgjV/8iIp53PWWc58OE0XrqdxJNAhOkIZZKFzVEC3qIhKiKIn9ILe0YfxbLwan8Zw0rpkTGcO0AyMr29nhqKI</latexit>

O : q̄q,K(~p1)⇡(~p2),K(~p1)⌘(~p2)

Wick contractions

<latexit sha1_base64="EG2RAyX676VAwbV/c34T70udVbA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gVUEZ32yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5udOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmv5MBV8iMmFhCmeL2VsJGVFFmbEIlG4K3/PIqaV1Uvavq5UOtUr/N4yjCCZzCOXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwg5j2E=</latexit>

s̄u



Coupled-channel scattering matrix
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Consider irrep where only partial wave l contributes (for simplicity)

one-channel scattering two-channel scattering

<latexit sha1_base64="STdSOqzlNwFEn+PwAbCnnHfPF5Q="></latexit>

M =

✓
M11 M12

M12 M22

◆

<latexit sha1_base64="fgW1Rs0JEU5ZN+uUS2HC4CJ4EzU=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgCCWpot0IRRF0IVS0D2hCmUwn7dBJMsxMhBKyd+OvuHGhiFt/wJ1/47TNQlsPXDiccy/33uNxRqWyrG8jt7C4tLySXy2srW9sbpnbO00ZxQKTBo5YJNoekoTRkDQUVYy0uSAo8BhpecOLsd96IELSKLxXI07cAPVD6lOMlJa6ZhHenV0fUugoXyCcVHiaVB1O4WUKEwcjBm/SrlmyytYEcJ7YGSmBDPWu+eX0IhwHJFSYISk7tsWVmyChKGYkLTixJBzhIeqTjqYhCoh0k8kvKdzXSg/6kdAVKjhRf08kKJByFHi6M0BqIGe9sfif14mVX3UTGvJYkRBPF/kxgyqC42BgjwqCFRtpgrCg+laIB0iHonR8BR2CPfvyPGlWyvZJ+ej2uFQ7z+LIgz1QBAfABqegBq5AHTQABo/gGbyCN+PJeDHejY9pa87IZnbBHxifP66CmZU=</latexit>

S = I + i 2p
8⇡EM

<latexit sha1_base64="fgW1Rs0JEU5ZN+uUS2HC4CJ4EzU=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgCCWpot0IRRF0IVS0D2hCmUwn7dBJMsxMhBKyd+OvuHGhiFt/wJ1/47TNQlsPXDiccy/33uNxRqWyrG8jt7C4tLySXy2srW9sbpnbO00ZxQKTBo5YJNoekoTRkDQUVYy0uSAo8BhpecOLsd96IELSKLxXI07cAPVD6lOMlJa6ZhHenV0fUugoXyCcVHiaVB1O4WUKEwcjBm/SrlmyytYEcJ7YGSmBDPWu+eX0IhwHJFSYISk7tsWVmyChKGYkLTixJBzhIeqTjqYhCoh0k8kvKdzXSg/6kdAVKjhRf08kKJByFHi6M0BqIGe9sfif14mVX3UTGvJYkRBPF/kxgyqC42BgjwqCFRtpgrCg+laIB0iHonR8BR2CPfvyPGlWyvZJ+ej2uFQ7z+LIgz1QBAfABqegBq5AHTQABo/gGbyCN+PJeDHejY9pa87IZnbBHxifP66CmZU=</latexit>

S = I + i 2p
8⇡EM

1x11x1 1x1

M(E)

2x2        2x2                         2x2

Mij (E)



Determination of coupled-channel scattering matrix for 2 channels
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Consider irrep where only partial wave l contributes (for simplicity); E=Ecm 

<latexit sha1_base64="fKtrybLQxT061NJoGmPg2Jrl+Eo="></latexit>

G =

✓
G11 0
0 G22

◆

F  comes from bubble diagram: 

diagonal in channel space

each element same as before

E=Elat for given P, irrep

quantization condition

Sharpe & Hansen 1204.0826 and others

impossible to determine 

all three from one equation 

<latexit sha1_base64="tnFUMp7JrezmxiUwpe1MDEn2hRc=">AAACIXicbZDLSgMxFIYzXmu9jbp0EyxCBSmTotiNUBTBjVDBXmA6DJk004ZmLiQZoQx9FTe+ihsXinQnvozpdEBt/SHw851zODm/F3MmlWV9GkvLK6tr64WN4ubW9s6uubffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21veD2ttx+pkCwKH9Qopk6A+yHzGcFKI9esQd9OuwRzeDd2U4TG5ZuT0x9Qrc4BlAHn0nLNklWxMsFFg3JTArkarjnp9iKSBDRUhGMpbWTFykmxUIxwOi52E0ljTIa4T21tQxxQ6aTZhWN4rEkP+pHQL1Qwo78nUhxIOQo83RlgNZDztSn8r2Ynyq85KQvjRNGQzBb5CYcqgtO4YI8JShQfaYOJYPqvkAywwETpUIs6BDR/8qJpVSvovGLdn5XqV3kcBXAIjkAZIHAB6uAWNEATEPAEXsAbeDeejVfjw5jMWpeMfOYA/JHx9Q2QwaCl</latexit>

f [M11(E),M22(E),M12(E)] = 0

<latexit sha1_base64="fgW1Rs0JEU5ZN+uUS2HC4CJ4EzU=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgCCWpot0IRRF0IVS0D2hCmUwn7dBJMsxMhBKyd+OvuHGhiFt/wJ1/47TNQlsPXDiccy/33uNxRqWyrG8jt7C4tLySXy2srW9sbpnbO00ZxQKTBo5YJNoekoTRkDQUVYy0uSAo8BhpecOLsd96IELSKLxXI07cAPVD6lOMlJa6ZhHenV0fUugoXyCcVHiaVB1O4WUKEwcjBm/SrlmyytYEcJ7YGSmBDPWu+eX0IhwHJFSYISk7tsWVmyChKGYkLTixJBzhIeqTjqYhCoh0k8kvKdzXSg/6kdAVKjhRf08kKJByFHi6M0BqIGe9sfif14mVX3UTGvJYkRBPF/kxgyqC42BgjwqCFRtpgrCg+laIB0iHonR8BR2CPfvyPGlWyvZJ+ej2uFQ7z+LIgz1QBAfABqegBq5AHTQABo/gGbyCN+PJeDHejY9pa87IZnbBHxifP66CmZU=</latexit>

S = I + i 2p
8⇡EM

E=lattice eigen-energy

<latexit sha1_base64="STdSOqzlNwFEn+PwAbCnnHfPF5Q="></latexit>

M =

✓
M11 M12

M12 M22

◆



rescue: parametrization of M(E)

85

quantization condition

general idea suggested by 

Doring, Meissner, Oset, Rusetsky  1205.4838

1. parametrize Mij as a function of E or p via some parameters (C)

    simple example  Mij(E)=Aij + Bij E2

     

2.  parameters C  chosen such that det[]=0  at 
      (hard to satisfy exactly) 

3.   in practice: find C that satisfy det[]=0 best by minimizing chi2 below

for all L,P, 𝛬=irrep

sum a,b over all discrete energy levels n and all L,P, 𝛬=irrep studied  

M is diagonal for 

scat of partticles 

with S=0

<latexit sha1_base64="STdSOqzlNwFEn+PwAbCnnHfPF5Q="></latexit>

M =

✓
M11 M12

M12 M22

◆ <latexit sha1_base64="fKtrybLQxT061NJoGmPg2Jrl+Eo="></latexit>

G =

✓
G11 0
0 G22

◆

Mij(E)=Mij(E,C)

<latexit sha1_base64="64I9HXuRV9S9bMck6tH20+jm49o=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUuiom6EoihuhAr2AUksk8mkHTp5MDMRSsjOjb/ixoUibv0Fd/6N0zYLtR64l8M59zJzjxszKqRhfGmFqemZ2bnifGlhcWl5RV9da4oo4Zg0cMQi3naRIIyGpCGpZKQdc4ICl5GW2z8f+q17wgWNwls5iIkToG5IfYqRVFJH37Q9Iq3UxojB6+wu3TOzysXOLr1U3Tk1OnrZqBojwEli5qQMctQ7+qftRTgJSCgxQ0JYphFLJ0VcUsxIVrITQWKE+6hLLEVDFBDhpKM7MritFA/6EVcVSjhSf26kKBBiELhqMkCyJ/56Q/E/z0qkf+KkNIwTSUI8fshPGJQRHIYCPcoJlmygCMKcqr9C3EMcYamiK6kQzL8nT5LmftU8qh7cHJZrZ3kcRbABtkAFmOAY1MAVqIMGwOABPIEX8Ko9as/am/Y+Hi1o+c46+AXt4xu6HJdI</latexit>

det[M�1(E) + iF (E)] = 0E=Ecm

<latexit sha1_base64="KoWjK9Ujg0dJhQ2piSV20WdRlq8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiQq6rJYBJcV7APaGCaTaTt0ZhJmJkqJ+RQ3LhRx65e482+ctllo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27dJeS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gVJ/47QciFY3EnR7HxONoIGifYqSN5NsleH2f8igkLPNTkVXqx75ddqrOFHCRuDkpgxwN3/7qhRFOOBEaM6RU13Vi7aVIaooZyYq9RJEY4REakK6hAnGivHR6egaPjBLCfiRNCQ2n6u+JFHGlxjwwnRzpoZr3JuJ/XjfR/UsvpSJONBF4tqifMKgjOMkBhlQSrNnYEIQlNbdCPEQSYW3SKpoQ3PmXF0nrpOqeV09vz8q1qzyOAjgAh6ACXHABauAGNEATYPAInsEreLOerBfr3fqYtS5Z+cw++APr8wd80pOC</latexit>

Emodel
n (C)

<latexit sha1_base64="T8WQJN1UCS3myFghzU9XkVzKjcI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyqqBehKAWPFewHbNeSTbNtaDZZklmhLP0ZXjwo4tVf481/Y9ruQasPBh7vzTAzL0wEN+C6X05haXllda24XtrY3NreKe/utYxKNWVNqoTSnZAYJrhkTeAgWCfRjMShYO1wdDP1249MG67kPYwTFsRkIHnEKQEr+fWr+kMmCEx6sleuuFV3BvyXeDmpoByNXvmz21c0jZkEKogxvucmEGREA6eCTUrd1LCE0BEZMN9SSWJmgmx28gQfWaWPI6VtScAz9edERmJjxnFoO2MCQ7PoTcX/PD+F6DLIuExSYJLOF0WpwKDw9H/c55pREGNLCNXc3orpkGhCwaZUsiF4iy//Ja2TqndePb07q9Su8ziK6AAdomPkoQtUQ7eogZqIIoWe0At6dcB5dt6c93lrwcln9tEvOB/fCKORGw==</latexit>

E = Elat
n
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eta=1 : decoupled channels

these two channels are almost decoupeld

for examples of channels that are not decoupeld 

see further works by HSC

HSC (Wilson, Dudek,Edwards, Thomas): 

PRL 2014, PRD 2014
<latexit sha1_base64="EG2RAyX676VAwbV/c34T70udVbA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gVUEZ32yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5udOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmv5MBV8iMmFhCmeL2VsJGVFFmbEIlG4K3/PIqaV1Uvavq5UOtUr/N4yjCCZzCOXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwg5j2E=</latexit>

s̄u



Sasa Prelovsek
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HSC (Wilson, Dudek,Edwards, Thomas): 

PRL 2014, PRD 2014Location of poles in K𝛑, K𝛈 scattering: I=1/2, l=0
<latexit sha1_base64="EG2RAyX676VAwbV/c34T70udVbA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gVUEZ32yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5udOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmv5MBV8iMmFhCmeL2VsJGVFFmbEIlG4K3/PIqaV1Uvavq5UOtUr/N4yjCCZzCOXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwg5j2E=</latexit>

s̄u
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<latexit sha1_base64="cny7ABc+7OMfVqy/HOctj0c+/iY=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuJAyI0VdFt24rGAv0BlK5jTThmYuTTJCGSq48VXcuFDErQ/hzrcxnc5CWw+EfPz/OSTn92LOpLKsb6Owsrq2vlHcLG1t7+zumfsHLRklAmgTIh6Jjkck5SykTcUUp51YUBJ4nLa90fXMb99TIVkU3qlJTN2ADELmMyBKSz2zjLHjEYEBHk6dHMfZNYaeWbGqVlZ4GewcKiivRs/8cvoRJAENFXAiZde2YuWmRCgGnE5LTiJpTGBEBrSrMSQBlW6aLTHFx1rpYz8S+oQKZ+rviZQEUk4CT3cGRA3lojcT//O6ifIv3ZSFcaJoCPOH/IRjFeFZIrjPBAXFJxoICKb/imFIBAGlcyvpEOzFlZehdVa1z6u121qlfpXHUURldIROkI0uUB3doAZqIkCP6Bm9ojfjyXgx3o2PeWvByGcO0Z8yPn8AWqqWqQ==</latexit>

c̄c , c̄qq̄c q=u,d,s

0++ 2++

3.4

3.5

3.6

3.7

3.8

3.9

4

m
 [G

eV
]

0++ 2++

3.4

3.5

3.6

3.7

3.8

3.9

4.0

JPC

2mD

2mDs

Lat : m

χc2(1P)

Exp

χc0(1P)

χc2(3930)

X(3860)

X(3915)/
χc0(3930)

ψ(3770)

ψ(2S)

X(3842)

1- - 1- - 3- -3- -

predicted in models [Oset et al,  
0612179 PRD, Guo et al 2101.01021] 

seen in re-analysis of exp.        
[Danilkin et al 2111.15033,                             
Ji, F.K. Guo et al., 2212.00613]

<latexit sha1_base64="Tbd46OB/QHJJdN6fbkSyJMGGs4M=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0W7cFjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YP3MOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Hbmt5+o0iyWD2aS0EDgoWQRI9hY6RGhXogVqtf7btmreHOgVeLnpAw5Gn33qzeISSqoNIRjrbu+l5ggw8owwum01Es1TTAZ4yHtWiqxoDrI5gdP0ZlVBiiKlS1p0Fz9PZFhofVEhLZTYDPSy95M/M/rpia6DjImk9RQSRaLopQjE6PZ92jAFCWGTyzBRDF7KyIjrDAxNqOSDcFffnmVtC4q/mWlel8t127yOIpwAqdwDj5cQQ3uoAFNICDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ACOej1Y=</latexit>

D̄D JP=0+  state

<latexit sha1_base64="Pwn86D4cCpwdSJwmv/BEcT2LTkc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LevBYwX5Au5RsOtuGZrNrki2U0t/hxYMiXv0x3vw3pu0etPUxA4/3ZsjkBYng2rjut5NbW9/Y3MpvF3Z29/YPiodHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb2d+c4RK81g+mnGCfkT7koecUWMln5BOQBW562pb3WLJLbtzkFXiZaQEGWrd4lenF7M0QmmYoFq3PTcx/oQqw5nAaaGTakwoG9I+ti2VNELtT+ZHT8mZVXokjJVtachc/b0xoZHW4yiwkxE1A73szcT/vHZqwmt/wmWSGpRs8VCYCmJiMkuA9LhCZsTYEsoUt7cSNqCKMmNzKtgQvOUvr5LGRdm7LFceKqXqTRZHHk7gFM7Bgyuowj3UoA4MnuAZXuHNGTkvzrvzsRjNOdnOMfyB8/kDQMeRIg==</latexit>

D̄sDs JP=0+  state 

+ expected conventional charmonia

<latexit sha1_base64="ykqhlYWgs1xXhFrhiL8g2G+q3K8=">AAACC3icbVC7SgNBFJ31GeMramkzSRCswm4IGrAJ2tgIEcwDsmGZndxNhszsrjOzQljS2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WPOlLbtb2tldW19YzOzld3e2d3bzx0cNlWUSAoNGvFItn2igLMQGpppDu1YAhE+h5Y/vJr4rQeQikXhnR7F0BWkH7KAUaKN5OUKwnNj5uZdxQTcu3lcrtruBXYF0QMp0htojr1c0S7ZU+Bl4sxJEc1R93Jfbi+iiYBQU06U6jh2rLspkZpRDuOsmyiICR2SPnQMDYkA1U2nv4zxiVF6OIikqVDjqfp7IiVCqZHwTefkRrXoTcT/vE6ig2o3ZWGcaAjpbFGQcKwjPAkG95gEqvnIEEIlM7diOiCSUG3iy5oQnMWXl0mzXHLOSpXbSrF2OY8jg45RAZ0iB52jGrpGddRAFD2iZ/SK3qwn68V6tz5mrSvWfOYI/YH1+QMVEpnU</latexit>

m⇡'280 MeV

<latexit sha1_base64="4KIiOYySCud60v91Q2yek+LLjq4=">AAAB7nicbVBNSwMxEJ31s9avqkcvqUXwVHalqBeh6EVvFewHdJeSTbNtaDZZkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR7dTv/1ElWZSPJpxQoMYDwSLGMHGSu17v3ztl91eqeJW3RnQMvFyUoEcjV7py+9LksZUGMKx1l3PTUyQYWUY4XRS9FNNE0xGeEC7lgocUx1ks3Mn6NQqfRRJZUsYNFN/T2Q41noch7YzxmaoF72p+J/XTU10FWRMJKmhgswXRSlHRqLp76jPFCWGjy3BRDF7KyJDrDAxNqGiDcFbfHmZtM6r3kW19lCr1G/yOApwDCdwBh5cQh3uoAFNIDCCZ3iFNydxXpx352PeuuLkM0fwB87nD6VAjnk=</latexit>

I=0

X(3960)/

X(3960)

DsDs th.

CLS ensembles

LHCb, 2210.15153, PRL

<latexit sha1_base64="QCmHaQb/uo78eWKLYn+N55BAZUA=">AAACGnicbVDLSsNAFJ34rPUVdelmsAh1YUmKqMuiCC4r9AVNGibTSTvtTBJmJkIJ8Tfc+CtuXCjiTtz4N04fC209cOFwzr3ce48fMyqVZX0bS8srq2vruY385tb2zq65t9+QUSIwqeOIRaLlI0kYDUldUcVIKxYEcZ+Rpj+8HvvNeyIkjcKaGsXE5agX0oBipLTkmTaseSkdZMUbL8U8O3Ek5dAJBMIp9ih8wN4gS6dep3zKO+XMMwtWyZoALhJ7RgpghqpnfjrdCCechAozJGXbtmLlpkgoihnJ8k4iSYzwEPVIW9MQcSLddPJaBo+10oVBJHSFCk7U3xMp4lKOuK87OVJ9Oe+Nxf+8dqKCSzelYZwoEuLpoiBhUEVwnBPsUkGwYiNNEBZU3wpxH+lclE4zr0Ow519eJI1yyT4v2XdnhcrVLI4cOARHoAhscAEq4BZUQR1g8AiewSt4M56MF+Pd+Ji2LhmzmQPwB8bXD9EIoL4=</latexit>

Tij(Ecm) ⇠ ci cj
E2

cm �m2

<latexit sha1_base64="F5h+YlAbq/6aSSyY/ti3cfAJL9M="></latexit>

|c2
DD̄

|
|c2

DsD̄s
| = 0.02 +0.02

�0.01

<latexit sha1_base64="SVCUrKfjhib4cHT5umrUfANMxRc=">AAAB/HicbVC7TsMwFL3hWcor0JHFokJioUoQAsYKOjAWiT6kNooc12mtOk5kO0hRVH6FhQGEWPkQNv4Gt80ALUe27tE598rXJ0g4U9pxvq2V1bX1jc3SVnl7Z3dv3z44bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN9O/c4jlYrF4kFnCfUiPBQsZARrI/l2pR9giRqNs3n1lTm+XXVqzgxombgFqUKBpm9/9QcxSSMqNOFYqZ7rJNrLsdSMcDop91NFE0zGeEh7hgocUeXls+Un6MQoAxTG0lyh0Uz9PZHjSKksCkxnhPVILXpT8T+vl+rw2suZSFJNBZk/FKYc6RhNk0ADJinRPDMEE8nMroiMsMREm7zKJgR38cvLpH1ecy9r7v1FtX5TxFGCIziGU3DhCupwB01oAYEMnuEV3qwn68V6tz7mrStWMVOBP7A+fwD5B5Oy</latexit>

D̄D � D̄sDs

<latexit sha1_base64="ioQSjQC3ZYUrK63lQuMpr4St9rE=">AAACBnicbVBNS8NAEN3Ur1q/qh5FWCyCp5IUsXor6sGLUMG2QhPCZjttl+4mcXcjlNCTF/+KFw+KePU3ePPfuG1z0NYHA4/3ZpiZF8ScKW3b31ZuYXFpeSW/Wlhb39jcKm7vNFWUSAoNGvFI3gVEAWchNDTTHO5iCUQEHFrB4GLstx5AKhaFt3oYgydIL2RdRok2kl/cF/6lq5iAe+ycVaoudgXRfSlSfA3NkV8s2WV7AjxPnIyUUIa6X/xyOxFNBISacqJU27Fj7aVEakY5jApuoiAmdEB60DY0JAKUl07eGOFDo3RwN5KmQo0n6u+JlAilhiIwneMj1aw3Fv/z2onunnopC+NEQ0ini7oJxzrC40xwh0mgmg8NIVQycyumfSIJ1Sa5ggnBmX15njQrZeek7Nwcl2rnWRx5tIcO0BFyUBXV0BWqowai6BE9o1f0Zj1ZL9a79TFtzVnZzC76A+vzB2kel9I=</latexit>

mD ' 1927 MeV

Charmonium(like) resonances and bound states 

<latexit sha1_base64="2daXF1T8OyeXJj6SC8ToF2RWjbc=">AAACFnicbVDLSsNAFJ34rPUVdelmsAjtwpCoqMtSu3BZwT6gCWEynbRDJw9nJkIJ+Qo3/oobF4q4FXf+jdM0C209MHDuOfdy5x4vZlRI0/zWlpZXVtfWSxvlza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut74eup3HwgXNArv5CQmToCGIfUpRlJJrn5i+xzhtMGrTdtDHDZrWV64Yla6opbZggbkHprGmatXTMPMAReJVZAKKNBy9S97EOEkIKHEDAnRt8xYOinikmJGsrKdCBIjPEZD0lc0RAERTpqflcFjpQygH3H1Qglz9fdEigIhJoGnOgMkR2Lem4r/ef1E+ldOSsM4kSTEs0V+wqCM4DQjOKCcYMkmiiDMqforxCOkcpIqybIKwZo/eZF0Tg3rwrBuzyv1RhFHCRyCI1AFFrgEdXADWqANMHgEz+AVvGlP2ov2rn3MWpe0YuYA/IH2+QNx2p2n</latexit>

Br(DD̄)

Br(DsD̄s)
' 0.3

S.P. , Collins,  Padmanath, Mohler, Piemonte
2011.02541 JHEP,  1905.03506 PRD

lat
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<latexit sha1_base64="Pwn86D4cCpwdSJwmv/BEcT2LTkc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LevBYwX5Au5RsOtuGZrNrki2U0t/hxYMiXv0x3vw3pu0etPUxA4/3ZsjkBYng2rjut5NbW9/Y3MpvF3Z29/YPiodHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb2d+c4RK81g+mnGCfkT7koecUWMln5BOQBW562pb3WLJLbtzkFXiZaQEGWrd4lenF7M0QmmYoFq3PTcx/oQqw5nAaaGTakwoG9I+ti2VNELtT+ZHT8mZVXokjJVtachc/b0xoZHW4yiwkxE1A73szcT/vHZqwmt/wmWSGpRs8VCYCmJiMkuA9LhCZsTYEsoUt7cSNqCKMmNzKtgQvOUvr5LGRdm7LFceKqXqTRZHHk7gFM7Bgyuowj3UoA4MnuAZXuHNGTkvzrvzsRjNOdnOMfyB8/kDQMeRIg==</latexit>

D̄sDs

<latexit sha1_base64="Tbd46OB/QHJJdN6fbkSyJMGGs4M=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0W7cFjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YP3MOjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Hbmt5+o0iyWD2aS0EDgoWQRI9hY6RGhXogVqtf7btmreHOgVeLnpAw5Gn33qzeISSqoNIRjrbu+l5ggw8owwum01Es1TTAZ4yHtWiqxoDrI5gdP0ZlVBiiKlS1p0Fz9PZFhofVEhLZTYDPSy95M/M/rpia6DjImk9RQSRaLopQjE6PZ92jAFCWGTyzBRDF7KyIjrDAxNqOSDcFffnmVtC4q/mWlel8t127yOIpwAqdwDj5cQQ3uoAFNICDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ACOej1Y=</latexit>

D̄D

<latexit sha1_base64="4KIiOYySCud60v91Q2yek+LLjq4=">AAAB7nicbVBNSwMxEJ31s9avqkcvqUXwVHalqBeh6EVvFewHdJeSTbNtaDZZkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR7dTv/1ElWZSPJpxQoMYDwSLGMHGSu17v3ztl91eqeJW3RnQMvFyUoEcjV7py+9LksZUGMKx1l3PTUyQYWUY4XRS9FNNE0xGeEC7lgocUx1ks3Mn6NQqfRRJZUsYNFN/T2Q41noch7YzxmaoF72p+J/XTU10FWRMJKmhgswXRSlHRqLp76jPFCWGjy3BRDF7KyJDrDAxNqGiDcFbfHmZtM6r3kW19lCr1G/yOApwDCdwBh5cQh3uoAFNIDCCZ3iFNydxXpx352PeuuLkM0fwB87nD6VAjnk=</latexit>

I=0
JP=0+

D=cu D

D D

<latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
D                       D

D                       D

<latexit sha1_base64="DJn1g4YqnvIomGhTcyeVgkK+HlU=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEYwZjA7hJmJ7PJkHksM7NCCPkMLx4U8erXePNvnCR70MSChqKqm+6uJOPMWN//9korq2vrG+XNytb2zu5edf/g0ahcE9oiiivdSbChnEnassxy2sk0xSLhtJ0Mb6d++4lqw5R8sKOMxgL3JUsZwdZJYaQH6ixSgvZxt1rz6/4MaJkEBalBgWa3+hX1FMkFlZZwbEwY+JmNx1hbRjidVKLc0AyTIe7T0FGJBTXxeHbyBJ04pYdSpV1Ji2bq74kxFsaMROI6BbYDs+hNxf+8MLfpdTxmMsstlWS+KM05sgpN/0c9pimxfOQIJpq5WxEZYI2JdSlVXAjB4svL5PG8HlzWg/uLWuOmiKMMR3AMpxDAFTTgDprQAgIKnuEV3jzrvXjv3se8teQVM4fwB97nDxrOkSQ=</latexit>⇢,!

Ds=cs                   Ds

Ds                       Ds

<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

DsDs th.

X(3960)

2022

a number of pheno studies
Oset et al,  0612179 PRD, 
Guo et al, 2101.01021,...

Likely interpretation of some near-threshold states: “molecules” attracted by V exchange  

now support also from lattice 
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Coupled-channel DD*-D*D* scattering 
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Hadspec 2405.15741
<latexit sha1_base64="n26u5GSECuKTI0/lGP14JEb9LpY=">AAACBXicbVA9SwNBEN3zM8avU0stFoNgFe5UonZBGxshgvmA3BH2NpNkye7dubsnhCMWNv4VGwtFbP0Pdv4b95IUmvhg4PHeDDPzgpgzpR3n25qbX1hcWs6t5FfX1jc27a3tmooSSaFKIx7JRkAUcBZCVTPNoRFLICLgUA/6l5lfvwepWBTe6kEMviDdkHUYJdpILXtPtLyYeYoJuMPH5+6DJ4juSZFeQ23YsgtO0RkBzxJ3QgpogkrL/vLaEU0EhJpyolTTdWLtp0RqRjkM816iICa0T7rQNDQkApSfjr4Y4gOjtHEnkqZCjUfq74mUCKUGIjCd2Y1q2svE/7xmojtnfsrCONEQ0vGiTsKxjnAWCW4zCVTzgSGESmZuxbRHJKHaBJc3IbjTL8+S2lHRLRVLNyeF8sUkjhzaRfvoELnoFJXRFaqgKqLoET2jV/RmPVkv1rv1MW6dsyYzO+gPrM8fN0yYag==</latexit>

m⇡ ' 391 MeV

Tcc virtual state below DD* threshold (effects from left-hand cut not incorporated)

  +
Tcc’ resonance below D*D* threshold : look for it in experiment !



light hybrid meson 𝜋1	 from lattice
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<latexit sha1_base64="k7DKbJsEYE5y7JhSfAzXL32rpSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSRL0IxV7EUwX7AW1aNtttu3SzibubQgn5HV48KOLVH+PNf+O2zUFbHww83pthZp4Xcqa0bX9bmZXVtfWN7GZua3tndy+/f1BXQSQJrZGAB7LpYUU5E7Smmea0GUqKfY/ThjeqTP3GmErFAvGoJyF1fTwQrM8I1kZy7ztxtZLcOJ34/Czp5gt20Z4BLRMnJQVIUe3mv9q9gEQ+FZpwrFTLsUPtxlhqRjhNcu1I0RCTER7QlqEC+1S58ezoBJ0YpYf6gTQlNJqpvydi7Cs18T3T6WM9VIveVPzPa0W6f+3GTISRpoLMF/UjjnSApgmgHpOUaD4xBBPJzK2IDLHERJucciYEZ/HlZVIvFZ3LYunholC+TePIwhEcwyk4cAVluIMq1IDAEzzDK7xZY+vFerc+5q0ZK505hD+wPn8AkH+RUg==</latexit>

JPC = 1�+
<latexit sha1_base64="uXFx6JkLWxzHQaSQkIyr6TUb82c=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj0oMcK9gPbUDabSbt0swm7G6GU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnsgHM0rRj2lf8ogzaqz02A2oIiG5JVmvVHYr7gxkmXg5KUOOeq/01Q0TlsUoDRNU647npsYfU2U4EzgpdjONKWVD2seOpZLGqP3x7OIJObVKSKJE2ZKGzNTfE2Maaz2KA9sZUzPQi95U/M/rZCa68sdcpplByeaLokwQk5Dp+yTkCpkRI0soU9zeStiAKsqMDaloQ/AWX14mzWrFu6hU78/Ltes8jgIcwwmcgQeXUIM7qEMDGEh4hld4c7Tz4rw7H/PWFSefOYI/cD5/ADPqj/Y=</latexit>

d̄Gu

Woss et al. (HadSpec) 

2009.10034

mu= md= ms, m𝜋 ≈ 700	𝑀𝑒𝑉

physical worldb1 𝜋f1 𝜋𝜌 𝜋 𝜂′ 𝜋
dominant coupling 

resemblence to experimental 𝜋1(1564): COMPASS+JPAC Rodas 1810.04171 [PRL]

 𝜋1(1564) in COMPASS+JPAC replaces two older resonances 𝜋1(1400) and	𝜋1(1600) 

pheno 

analysis

<latexit sha1_base64="TbHhNDzjMaW5z1c5Rx8PUhoxT0E=">AAACDXicbVDLSgMxFM34rPU16tJNsAp1U2ZKUaEIRRF1V8E+oFPKnTRtQ5OZIckIZegPuPFX3LhQxK17d/6N6WOhrQcCJ+fcy733+BFnSjvOt7WwuLS8sppaS69vbG5t2zu7VRXGktAKCXko6z4oyllAK5ppTuuRpCB8Tmt+/3Lk1x6oVCwM7vUgok0B3YB1GAFtpJZ9iL1rEAK8IpzjPPaK2BOge1Ikt2KYvTJ/OMYtO+PknDHwPHGnJIOmKLfsL68dkljQQBMOSjVcJ9LNBKRmhNNh2osVjYD0oUsbhgYgqGom42uG+MgobdwJpXmBxmP1d0cCQqmB8E3laFU1643E/7xGrDtnzYQFUaxpQCaDOjHHOsSjaHCbSUo0HxgCRDKzKyY9kEC0CTBtQnBnT54n1XzOPckV7gqZ0sU0jhTaRwcoi1x0ikroBpVRBRH0iJ7RK3qznqwX6936mJQuWNOePfQH1ucPXZ2ZOg==</latexit> �
a
=

2
Im

(E
a)

<latexit sha1_base64="CaGQg+Uh1aQJ9EFWgetD3lELv28=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZmRokIRiiK4rGIf0BlKJk3b0CQzJBmhDAU3/oobF4q49Sfc+Tdm2llo64ELh3Pu5d57gohRpR3n21pYXFpeWc2t5dc3Nre27Z3dhgpjiUkdhyyUrQApwqggdU01I61IEsQDRprB8Cr1mw9EKhqKez2KiM9RX9AexUgbqWPvc6+CLiD0ONIDyZM7Mi5eexWIjmHHLjglZwI4T9yMFECGWsf+8rohjjkRGjOkVNt1Iu0nSGqKGRnnvViRCOEh6pO2oQJxovxk8sMYHhmlC3uhNCU0nKi/JxLElRrxwHSmp6pZLxX/89qx7p37CRVRrInA00W9mEEdwjQQ2KWSYM1GhiAsqbkV4gGSCGsTW96E4M6+PE8aJyX3tFS+LReql1kcOXAADkERuOAMVMENqIE6wOARPINX8GY9WS/Wu/UxbV2wspk98AfW5w89l5X8</latexit>

m a = Re(E a)

<latexit sha1_base64="LcOOCF0SqSC9zkCGbyVvzYBmGQg=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxY0lKUZdFKbis0Bc0aZhMJ+20kwczE6GE+AVu/BU3LhRx69adf+O0zUJbD1w4nHMv997jRowKaRjfWm5ldW19I79Z2Nre2d3T9w9aIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO2Ob6Z++55wQcOgIScRsX00CKhHMZJKcvTThpPQUWoJ6kPL4wgn2KHwAWJnlCY1J+qVz2u9curoRaNkzACXiZmRIshQd/Qvqx/i2CeBxAwJ0TWNSNoJ4pJiRtKCFQsSITxGA9JVNEA+EXYy+yeFJ0rpQy/kqgIJZ+rviQT5Qkx8V3X6SA7FojcV//O6sfSu7IQGUSxJgOeLvJhBGcJpOLBPOcGSTRRBmFN1K8RDpFKRKsKCCsFcfHmZtMol86JUuasUq9dZHHlwBI7BGTDBJaiCW1AHTYDBI3gGr+BNe9JetHftY96a07KZQ/AH2ucPJlScFg==</latexit>

Tij ⇠
ci cj

E2
p � E2

Couplings of the resonance to various channels

see also talk by Szczepaniak  

<latexit sha1_base64="NhaVnGu1LeXhp5IhnXfQAubCQJ4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpWxEqseiF48V7Adsl5JNs21oNlmSWaGU/gwvHhTx6q/x5r8xbfegrQ8GHu/NMDMvSqWw4Pvf3tr6xubWdmGnuLu3f3BYOjpuWZ0ZxptMS206EbVcCsWbIEDyTmo4TSLJ29Hobua3n7ixQqtHGKc8TOhAiVgwCk4KuqnokQqp+f5Fr1T2q/4ceJWQnJRRjkav9NXta5YlXAGT1NqA+CmEE2pAMMmnxW5meUrZiA544KiiCbfhZH7yFJ87pY9jbVwpwHP198SEJtaOk8h1JhSGdtmbif95QQbxTTgRKs2AK7ZYFGcSg8az/3FfGM5Ajh2hzAh3K2ZDaigDl1LRhUCWX14lrcsqqVXJw1W5fpvHUUCn6AxVEEHXqI7uUQM1EUMaPaNX9OaB9+K9ex+L1jUvnzlBf+B9/gAMLo/L</latexit>

⇡1(1600)
PDG 2024



Exotic hadrons from static potentials 
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Static potentials from Born-Oppenheimer approximation  
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System with

• two heavy partices QQ or QQ or ...

• light degrees of freedom q=u,d, G

V(
r)

  [
kJ

/m
ol

]

<latexit sha1_base64="Cu5ff0iKPmdYXX345rnVnxIG1v8=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KkkRdVl002UF+4A2hMlk0g6dPJiZKCXmU9y4UMStX+LOv3GaZqGtBy4czrl37tzjJZxJZVnfxtr6xubWdmWnuru3f3Bo1o56Mk4FoV0S81gMPCwpZxHtKqY4HSSC4tDjtO9Nb+d+/4EKyeLoXs0S6oR4HLGAEay05Jq1bFQ8kgnq56jtNnPXrFsNqwBaJXZJ6lCi45pfIz8maUgjRTiWcmhbiXIyLBQjnObVUSppgskUj+lQ0wiHVDpZsTVHZ1rxURALXZFChfp7IsOhlLPQ050hVhO57M3F/7xhqoJrJ2NRkioakcWiIOVIxWieA/KZoETxmSaYCKb/isgEC0yUTquqQ7CXT14lvWbDvmzYdxf11k0ZRwVO4BTOwYYraEEbOtAFAo/wDK/wZjwZL8a78bFoXTPKmWP4A+PzBztUk/o=</latexit>

H2

<latexit sha1_base64="ID8mPiaX0IcYZVeFbxWp5s27Kis=">AAACDHicbVDLSgMxFM34rPVVdekmWIRKpcyIqBuhKKLLDtgHtHXIpGkbmmTGJCOUYT7Ajb/ixoUibv0Ad/6NaTsLbT0QOJxzLjf3+CGjStv2tzU3v7C4tJxZya6urW9s5ra2ayqIJCZVHLBANnykCKOCVDXVjDRCSRD3Gan7g8uRX38gUtFA3OphSNoc9QTtUoy0kbxcHsKrc+65Re7FLR9J6CbFuhcPqEju3GK9cH94fWBSdskeA84SJyV5kKLi5b5anQBHnAiNGVKq6dihbsdIaooZSbKtSJEQ4QHqkaahAnGi2vH4mATuG6UDu4E0T2g4Vn9PxIgrNeS+SXKk+2raG4n/ec1Id8/aMRVhpInAk0XdiEEdwFEzsEMlwZoNDUFYUvNXiPtIIqxNf1lTgjN98iypHZWck5LjHufLF2kdGbAL9kABOOAUlMENqIAqwOARPINX8GY9WS/Wu/Uxic5Z6cwO+APr8wd+N5lg</latexit>

E = mQ +mQ̄ +WQ
kin +W (q,G)

<latexit sha1_base64="Vf8wX/B7faf9rlNximki8RVRQy8=">AAACC3icbVDLSgMxFM34rPVVdekmtAiVQpkRUTdCUQSXHbAPaMchk2ba0CQzJBmhDLN346+4caGIW3/AnX9j+lho64ELh3Pu5d57gphRpW3721paXlldW89t5De3tnd2C3v7TRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSC4fXYbz0QqWgk7vQoJh5HfUFDipE2kl8oQnhzyX23wv20GyAJ3azS8tMhFdm9W4HNsjz2CyW7ak8AF4kzIyUwQ90vfHV7EU44ERozpFTHsWPtpUhqihnJ8t1EkRjhIeqTjqECcaK8dPJLBo+M0oNhJE0JDSfq74kUcaVGPDCdHOmBmvfG4n9eJ9HhhZdSESeaCDxdFCYM6giOg4E9KgnWbGQIwpKaWyEeIImwNvHlTQjO/MuLpHlSdc6qjntaql3N4siBQ1AEZeCAc1ADt6AOGgCDR/AMXsGb9WS9WO/Wx7R1yZrNHIA/sD5/AM9RmQM=</latexit>

E = mQ +mQ̄ +WQ
kin + V (r)
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<latexit sha1_base64="RdYfyUVftgXwF56U73Mji1oevRU="></latexit>

V (r) ' �4

3

g2s
4⇡ r

+ �r

strong interactions EM interactions 
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V (r) = � e2

4⇡✏0r

(QCD without dynamical quarks)

Bali, Phys. Rept., 2001

0
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omit strong decays 

quenched

I=0, varius JP

V(
r)

 [G
eV

]

r [fm]

blue: Segovia, Tarrus; Brambilla @ MITP 2022
based n V from: Juge, Kuti, Morningstar, 1997, 1998
violet: Ryan & Willson 2020

22

Bottomonia and hybrids

Bali, Phys. Rept., 2001
based on V from: Bali et al hep-lat/9703019 

Schlosser & Wagner, 2111.00741



Confinement and string breaking 
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Bulava et al, PLB793 (2019) 493

in QCD

r

q=u,d,s



Bottomonia and bottomonium-like states (I=0)

15

string breaking

SESAM, Bali et al, 2005, 0505012

Bulava et al, 1902.04006, PLB

q=u,d,s

B B

Bs Bs

Bicudo, Cardoso, Mueller, Wagner, 2205.11475, 
 J=0: here; J=1,2,3 in the paper; 

J=total ang. mom. without heavy quark spins

~
~

~

exotic st 
[Belle 
2019. 
talk by 
Zukhova]

poles

m
 [G

eV
]

see also: Castella, 2207.09365, 2207.09365r/a

a 
[ V

(r
) -

 2
 m

B ]

r [fm]

B B

Re(E) [GeV]

Im
(E

) [
Ge

V]
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with Lattice QCD,  static b quarks and Born-Oppenheimer : done 

Sasa Prelovsek, Fourquark states from lattice QCD 98

a number of works by Bicudo, Wagner, Peters, Cichy (above  1209.6274)
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En(r) ! V (r) ! m

Lattice QCD non-relativisic Schr. eq. 

V(
r)

 a

m-mB-mB* = - 38 (18) MeV



99

Belle 2011  PRL 2011
S.P., Bahtiyar, Petkovic, PLB 2019

Sadl, S.P., PRD 2021
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b̄bd̄u

Zb Zb

challenge see many disclaimers in 

the quoted papers; 

still mostly open problem



All presented results are extracted from En 
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C =  DG Dq Dq C e
−SQCD /!

∫   

t=0, JP, It, JP, I

<latexit sha1_base64="ALsMksMVfOJbmh91iW5+qL+5pj0="></latexit>

mu/d > mphy
u/d , m⇡>140 MeV

often “non-precision” studies:   

single a, 2pt
E

1

• for strongly stable state well below threshold :   En(P=0)  =  m

• resonances (Luscher’s relation)

• static potentials:
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Ecm
n ! T (Ecm

n )
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O = O(q,G)
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En ! V (r)

(except from HALQCD Tcc)
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great  experimental results 

Status on exotic hadrons from Lattice :

• exotic hadrons that are not resolved (yet)

      strongly decay via many decay channels: Zc(4430) , X(6900),...  

• available: valuable results on exotic (and conventional) hadrons 

       strongly stable ;  strongly decaying to 1,2,3  channels 

       support for specific binding mechanisms 

       one picture can not explain all exotic hadrons

       for each exotic hadron there is at least one viable picture  

V ...

Pc, certain charmonium-like states
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Backup
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Brief intermezzo : 
good quantum numbers for reduced rotational symmetry 
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Symmetries (for system with total momentum zero)

104

continuum

P: good

Rotations: 
SO(3)
infinite number of elements

cubic lattice 

P: good

Rotations: cubic box periodic BC in x,y,z

Octahedral group O
24 elements  

NL

z

x
y

R=ei
!
ε
!
J
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Irreducible representations under rotations

105

continuum

Rotations: 
continuous SO(3)
infinite number of elements

irreducible rep.: spin J

dimension 2J+1

mJ=-J,..,J transform within themselves

spin J: good quantum num. 

cubic lattice 

Rotations: cubic box periodic BC in x,y,z

discrete Octahedral group O
24 elements  

NL

z

x
y

Irreducible representation: representation of transformation where objects 

transform just within themselves (and can not be further reduced by block-diagonalization) 

Irreducible repr. : good quantum number
spin J:  not good

characters
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ROJ ,MR−1 = DJ
MM ' (R

−1)
M '
∑ OJ ,M '

irreducible under continous 

                      rotational group SO(3)                                 
REDUCIBLE under discrete 

Octahedral group ORepresentation OJ,M   

J               irrep Λ (dim)

0              A1 (1)

1          T1 (3)

2     E (2) +  T2 (3)

3      A1 (1) + T1 (3) + T2 (3)

0      A1 

1, 3            T1

2, 3            T2

  2               E

  3               A2

Conclusion: 

given irrep contains different  J

O2,2,O2,1,O2,0,O2,-1,O2,-2

Relation between
J in continuum     and     irrep on the lattce

OJ,M : object that transforms under continuum R 
according to spin J and projecion M, 
for example interpolator

D = Wigner D matrix

Sasa Prelovsek                              Exotic hadrons from lattice

spins J>3 

omitted

same thing



Symmetries are significantly reduced for P≠ 0

107

continuum

Parity: NOT good

Rotations/reflections: 
transformations that leave P invariant 

rotations around P; little group U(1)

single-particle with momentum P and spin S:

spin S of a particle: not good  

only J=S+L : good

helicity : good

            

              

cubic lattice 

 
Parity: NOT good

Rotations/reflections: 
transformations that leave box and P invariant: Not much symmetry left !! 

(or symmetries of box seen in moving frame)

P=(0,1,0):  8 elements

P=(1,1,0); 4 elements

irreps: good quantum numbers

helicity: not good

challenge: certain irrep gets contribution from both parities and 

several partial waves 

Π is reflection in a plane that contains p; it preserves p

� =
~S · ~P
|~P |
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~P
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�~P
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More in recent reviews
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hadron spectrum from lattice:

N. Brambilla et al.  1907.07583,  Phys. Rept

M. Mai, U. Meissner, C. Urbach, 2206.01477 

N. Brambilla, 2111.10788

P. Bicudo, 2212.07793

.....


