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Main players : Quarks and strong interaction

quark masses [GeV/c?]
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Higgs b.

Fundamental forces:
* electromagnetic

* weak

* strong

* gravitational



Conventional and exotic hadrons

Minimal valence content

ﬂetraquark pentaquarm

hybrid meson glueball

Terminology in this talk: tetra(penta) cypto exotic
quarks indicate just the number of
valence quarks in the state; it is not
meant to say anything on how quarks
are clustered in them

(not within quark model of qqq, qq)

\ )
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(Mostly) conventional hadrons
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Mass of proton and neutron

Higgs mechanism

~ 1% proton mass

2m+my = 10 Mev/c?

~——

m, ~ 938 MeV /c?
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strong interaction
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(Mostly) conventional baryons
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(Mostly) conventional mesons qq (including some non-qq states)
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Stable or unstable under strong interactions lattice QCDistrongIEW
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tetraquark pentaquark

Exotic hadrons @ @

hybrid meson glueball

Sasa Prelovsek Exotic hadrons from lattice
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Exotic hadrons

hybrid meson glueball
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Exotic hadrons

3P

(7]
0

Simplistic argument: for a given V:

heavier particles are easier to bind

Y

Qd

A2
=2 .y
2m,.

https://www.nikhef.nl/~pkoppenb/particles.html

https://qwg.ph.nat.tum.de/exoticshub/
Sasa Prelovsek
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Binding mechanism in exotic hadrons: open problem

tetraquark
-~ q
q
q 9
meson 5 3 gluon
exchange exchange

CE’; 4q 4
“meson molecule”
Binding mechanism in nuclei
meson
exchange
d d
p “n Juu d
deuterium XJU o
d u
n 4 dP udd
u u
devterium :H@® @'H
mg =~ my, + my \/ part of fusion chain
— 2.2 MeV 5 5 MeV y/l in Sun

" 3
Sasa Prelovsek \j g)'(%tic hadrons from lattice
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One of the aims: binding energies

Tetraquark

sipanje
H 9 0q
) S 44494 >
q q
H q
2 — -
q q /
T(E=m) = o
proton pn proton
devteron
nevtron nevtron
T(E !
(E) F2 — m2ch
T(E) = scattering amplitude
. m = devterium mass
Deuterium

pole: T(E=m) =00
Sasa Prelovsek

M [GeV/c?]

M [GeV/c?]
«—>

m < mygq; + my,

My1+My; (prag)

binding energy

1.880
1.878bssssssnunnunnns
|
1.876 ).
1.874
1.872

1 my+tm, (threshold)

binding energy
(exp.: 2.2 MeV)
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This is not a review

an excellent book on Lattice QCD: Gattringer, Lang

For an overview on spectroscopy : consult papers or review papers

Plenary talk at lattice 2024 in Liverpool:
Hadron Spectroscopy from lattice QCD: current status and future
Nilmani Mathur

Scattering processes and resonances from lattice QCD
R. Briceno, J. Dudek, R. Young
1706.06223, Rev. Mod. Phys

review:

Tetraquarks and pentaquarks in lattice QCD with light and heavy quarks
P. Bicudo

2212.07793, Phys.Rept. 1039 (2023)

review:

The XYZ states: experimental and theoretical status and perspectives

N. Brambilla, S. Eidelman, C. Hanhart, A. Nefediev, C.-P. Shen, C. Thomas, A. Vairo, C.-Z. Yuang
1907.07583, Physics Reports

(there is section on lattice results)

proceedings of Lattice conferences, parallel or plenary talks, ...

Sasa Prelovsek Exotic hadrons from lattice

Nilmani Mathur, Tata
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A number of works done in valuable collaboration with
Madanagopalan Padmanath (IMSc Chennai)

Sasa Prelovsek Exotic hadrons from lattice
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How difficult it is to study a given hadron?

lattice QCD: strong, 906 Outli
utiine

» hadrons from static potentials

R->H;H, Hi H, resonances R
E above several th. » hadrons from coupled-channel scat.

m, +m, H1 H2
resonances above one th.

H H » hadrons from one-channel scattering
1 Kl

% W My +my
é\qq H, (-P)

shallow bound st.

threshold

* most of examples: exotic hadrons

} states well below » hadrons well below threshold

e thisis NOT a review of all existing results !

Sasa Prelovsek Exotic hadrons from lattice 19



Resonances appear in scattering as “bumps” in cross-section

q
JPe=1~
n(p) \ / -
/ \
n(-p) LL)=(1,1) T
Vi

Sasa Prelovsek

Exotic hadrons from lattice

in experiment and in theory one determines:

05 center-of-momentum energy

\L invariant mass

E(mm)=m(xn)

ET :
E? —m2 +iET

l

simplest Breit Wigner

o(E) < |T(E)] =

Scattering ampl'tUde: basic object of these lectures

20
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Outline

resonances R
E above several th.

m, +m,’ H, H,

» hadrons from static potentials

» hadrons from coupled-channel scat.

» hadrons from one-channel scattering

resonances above one th.

m; +m, HyH,

shallow bound st.

states well below
threshold

Sasa Prelovsek

relation of E, and scattering amplitude

scattering in infinite volume

> hadrons well below threshold

extracting eigen-energies E,, from lattice

Hocpln) = Eyn)

Exotic hadrons from lattice
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Theoretical challenge: Locp = $GHYGEY + iy, (0" +ig:GET*)q — myqq 95 K 1 athateonic energyscae

Lattice QCD is based on Feynman path integral

Quantum machanics

skt  [ort e 5= 1.
= [dt [27? -V ()]

sum over all paths  Z(t)

Z;(t:)

Quantum field theory

x / DGDqDG C /"

sum over all fields G(x), q(x) S = [d'z Locp(q(z), G(x))

Sasa Prelovsek Exotic hadrons from lattice 23



Quantum ChromoDynamics on lattice

first lattice QCD simulation

y * numerical evaluation of path integral

t=—itg ya Micahel Creutz : 1980
in discretized finite Eucledian space-time
tyr=—1t
- —
a
t ‘ * typical:a=0.05fm, L=40a
al
O i a—0 , L - o
L

* input:g,, m,

Locp = 3GHYGEY + @i, (0" +ig,GET)q — mqdq

(O /papqu C o= Se/h

C Socp = [d*z Lgoep

Sasa Prelovsek Exotic hadrons from lattice 24



Extracting eigen-energies E,

Sasa Prelovsek Exotic hadrons from lattice
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Main quantity extracted: E,, H|n) = E,|n)

@‘ *"r‘ £
CU(t) < (O) |O> O(tM) — ethMo(O)e—thM
Z|n n|
= (0] Mt 0;(0)e= M |n)(n]O](0)[0) b = —it

_ Z 0] et O;(0)e M |n)(n|O(0)|0)

= (O\(’)z|n> overlap

n>e

n pn* -E, t
=2 Z; Z; e
n

Sasa Prelovsek Exotic hadrons from lattice 26
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Reminder: All results in this talk will be based on E,

for strongly stable state well below threshold :

E.(P=0) = m
* resonances (Luscher’s relation) Eqim — T(Eqim)

static potentials:

E, = V(r)

often “non-precision” studies:

single a, 1,74 > mi};g , My >140 MeV

/L A

O =0(q,G)

?%F;i?
*
TIRE

¢, =(0la®) g ) = (0|gln) e (ng

0)

Sasa Prelovsek Exotic hadrons from lattice
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Creation/annihilation operators

good quantum numbers: flavor, p , parity P (for p=0),

O(z) = u(z)yss()

Sasa Prelovsek

JP = irrep

J

Tpy KﬁQ — (afyu")d)ﬁl (J75S)ﬁz
+ {u — d}

,T i/ ‘ 1

Exotic hadrons from lattice

Sl
_|_
S
I
ST

Dﬁl DE*Q — (afy5c)z3’1 (CZ'Yz'C)ﬁg

—{’LL

— d}

( [uCsd]s, [cCricls, )i

—~—

7 i

oy

2
A
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Correlation functions and Wick contractions

/////////
/////

[
“
il
T
| @]
£l
e

UysS
- o * Ce < -E ~0
/y S & < o D*+(;; ------- ;--_-____;dD D +do- - .’UD
5 u - P mmm = o >5
2 o st L o M s

(C) x /DG [det(D)|Nre5¢

( Te[CD T D T[T D' T D]
~Tr[[D;'TD,;'TD;'TD;")

(C) / DGD¢DG C e~ P~ 1P4 Dy(G) = i (9" +ig GLT®) —m,

sizeof D:NxN, N=N3N;*4*3~108
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Ci;(t) = (0]0O;(t)0,;(0)]0) = Z AV e~ Ent 2 = (010iny

ij=1,.,N

Extracting E; large t: CZ. (t) X e—Elt

Extracting E, and overlaps Z" with GeVP

C. Michael [Nucl. Phys. B 259, 58 1985] , Luscher & Wolf [Nucl. Phys. B 339, 222 1990] , Blossier et al [JHEP 0904, 094 2009]
Recipe:

1) Solve for A and u ; t0 is reference time after which only N lowest eigenstates (significantly) contribute

C(t) u(”’) (t) = )\(n) (t, to) C(to) ’U,(n) (t) eigenstatesn=1,..,N
I ) I
NxN matrix number vector of lenght N

2) Extract £, from A )\(n) (t7t0) — A e_Ent [1 + O(G_AEt)] ~ A e_Ent
proof on the next slide

.t G )]

2‘? - (ol WD: { KeglisFhatil
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3) Extract as

without proof



C(t) u(n) (t) = )\(n)(t, to) C(to) u(") (t) — )\(n) — A e_Ent
Suapt ‘proof’ ‘
\UZQMALZ i»&a N sttt wufh'buK Lor tlm Uy
betwum toomd t, Thon  wrerelotion wadnx g
= an 2 R rvadt Hee

CZ'& k"/\: é%l %\\ & [u_ rALv y
Lk olefime & veckor wl which ol (hen

éuz %T:*‘B'MM oot Cow a,(wau(o be  foumal

Y

" L b (+)
We aim to show that = is )\(n) — A e_Ent
v C o) i)
v N N o M R -Emt M
e = & Cyllay =2 & 2% L M
\j:’l 17 a=a { 4
v . S m —Eub
= Z %{:\ L EMN: zL L
A= 9
-Eut -
%'N\ &, -~ Em(*vt"\ ~t§mt
AW —=. L = At

2LM - D 31



Reminder: All results in this talk will be based on E,

for strongly stable state well below threshold :

E.(P=0) = m
* resonances (Luscher’s relation) Eqim — T(Eqim)

static potentials:

E, = V(r)

often “non-precision” studies:

single a, 1,74 > mi};g , My >140 MeV

/L A

O =0(q,G)

?%F;i?
*
TIRE

¢, =(0la®) g ) = (0|gln) e (ng

0)

Sasa Prelovsek Exotic hadrons from lattice
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Hadron Spectra: What can Lattice QCD do?

Relatively Easy Moderately difficult m

Threshold A Y
i » Close to threshold loosely bound,
@  Elastic resonances with two-body
decays

p,A,D*, D;,, deuteron,
H-dibaryon, and other hadronic
resonances with only 2-body decays

Stable under strong interactions,
Far away below threshold

n,K,D,p,n, A etc.
ground states

Sasa Prelovsek Exotic hadrons from lattice

H"g

&y
————

* Close to multiple thresholds, loosely bound
» Inelastic resonances with multiple
two-body decays, three or more body

X,Y,Z,P. Pentaquarks, 1-%,a, glueballs,
higher nuclei

Power law volume corrections 16
Need rigorous finite volume amplitude analysis with a large basis of operators

slide from N. Mathur
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R H;H;, H'H, resonances R

E above several th.
m, +m, H, H,’
R H,H, resonances above one th.
m, +m, HiH,

} shallow bound st.

states well below
threshold

a—>0, L>oo, m,~ mqphy

Hadrons well below threshold /,{

(or studied as if located well below threshold)

E.(P=0) = m

Sasa Prelovsek Exotic hadrons from lattice 34



Most important conventional hadron: proton

—’I,E t E A e—E tE

t= —ZtE

Sasa Prelovsek Exotic hadrons from lattice
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Proton and neutron mass

_ Higgs mechanism strong interaction
| ~ 1% proton mass d / ~ 99% proton mass
g + \
| 2m,#m, = 10 Mev/c? \
] —— m, ~ 938 MeV /c*
u
t t=0
exp exp
@ lattice QCD @ |attice QCD+QED

mu:md mu #* md
BMW collaboration BMW collaboration T
Science 322, 2008 Science 347,2015 C = <0 | Op (t) Op (O) |O>
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Doubly bottom tetraquarks

not found in exp, difficult to find

bbdi bbs1i

threshold: _ BB* BBS*
0;
; -50 [} I ()
m L
2 -100"
R
] _
| _150]
&
~-200}

likely dominant
(B and B* to close
in BB* molecule

with binding ~0.1 GeV)

Sasa Prelovsek Exotic hadrons from lattice

I=0, JF=1"

bbdu bbs i

O :(’l_L’75b) (J%b) +..= BB*

[bT1b]5, [ul'2d]3,

from left to right (lattice QCD)

Hudspith, Mohler, 2303.17295

HALQCD, 2306.03565 (cosidering coupling with B*B*)
Leskovec, Meinel, Pflaumer, Wagner, 1904.04197
Junnarkar, Mathur, Padmanth, 1810.12285

Frances, Colquhoun, Hudspith, Maltman (2021 PosLat)
Bicudo, Wagner et al. 1612.02758, static potentials
Brown, Orginost, 1210.1953, static potentials

Hudspith, Mohler, 2303.17295

Meinel, Pflaumer, Wagner, 2205.13982
Junnarkar, Mathur, Padmanth 1810.12285
Frances, Colquhoun, Hudspith, Maltman (2021, PosLat)
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Doubly bottom tetraquarks

lattice: dependence on myand m 4

bbdu bbsu

AE[MeV] (mgPhv)

0
—201 , {I
—40 I { :
¥ {
—60
—801 I
=100 3 1 i lshb
wdbb
—190 §  udbb

0.0 0.1 0.2 0.3 0.4 0.5
m? [GeV?]

M g INCrEASES  mep

Other QQ'qqd

Theoretically expected near or above threshold

and J°:

I=0, JF=1"

Colquhoun, Francis, Hudspith, Maltman, Lewis
1810.10550, PoS LATTICE2021 (2022) 144

| @ udbV
~2501| s
000 025 050 075 1.00 125 150 1.75 2.00
mb/mb’

m, decreases — =———

beqq , ccqq

States near or above threshold have to be identified from scattering T(E): next Section

Sasa Prelovsek

Exotic hadrons from lattice
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Di-baryons with heavy quarks

O = qqq qqq

Junnarkar Mathur
1906.06054, PRL

Mathur, Padmanath, Chakraborty
2205.02862

Junnarkar, Mathur, 2206.02942, PRD

Sasa Prelovsek

50

2519

AE (MeV)

=125:4

=150 4

binding energy

AFE =m —mpg1 — mpo

_75 p

=100 -

Exotic hadrons from lattice
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Gluebals (no dynamical quarks)
GG.. 7 (39)(q9), -

12

0" M
10 . 2" w3
27 2__ -_ 4
++ — 1
3 w0 — g+
8 i —+
- 2 1" — ] 3‘—\
o o*H% 0" — %J
E 6 L 2++ b g
o2 1 E?
4 0++ |
5 11
0 0
++ —t +— —_
PC

Morningstar & Peardon 1999

Sasa Prelovsek

HYbrldS (omitting strong decays)

1500

500

m — my, [MeV]

0

JPC

1000 §

bGb

m, = 391 MeV
=)
=

2mp

My, + 2Mg

My, + My

dominant Z
@ ~a
OO0 ~ a9

Tl e

L 1 L

Ryan & Wilson (HadSpec) 2008.02656, JHEP

Exotic hadrons from lattice
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R H;H;, H'H, resonances R
E above several th.

’ ’ ’ ’
resonances above one th.

HiH,

R - H,H,
m, +m,

shallow bound st.

states well below
threshold

Hadrons from one-channel scattering

Hy W H, ()
q q

-

q u q
H, )‘é_q\ H,(-P)

q

Sasa Prelovsek Exotic hadrons from lattice 41



Scattering in Nonrelativistic QM, 1=0 Schwabl, chapter 18.3

dominant at small E

P(x) giow 1 —f eP"

in (e™") only in the first term

outside the region of V if 1 >> object (low p) : 1=0 dominant

B K2 d? 2+ 1)
2m dr? 2mr2

+ V(r)] u(r) = Eu(r)

0
t r\ 'U:('f') X Sin(p'r + (So) = %[eipr+i50 + 6—ipr—z'60]
E L \ I/-\\ n' _ %[6_}_%50 6z'pr + e—ipr]
i e
)
U \/ S=<0Ut|in> S(E)
U ()
V'n' — ,2i00(E) TQ
u: complicated ’u,('r') = A Sin(p'r' + 50) conservation of prob.

Sasa Prelovsek Exotic hadrons from lattice 42




Scattering in Nonrelativistic QM, general 1

B2 KA1+ 1)

— 5 ga T g5 TV(r)|ulr)=Eulr) ¥ Ylm@ ]

\\\\\

Homework: try to solve an example with Mathematica NDSolve

outside the region of V

Y od

ingoing wave outgoing wave

e w(r) o< 5 I (pr) + €200 h (pr))

/vm/ p> = E/2m wi(r) oc sin(pr — 57l 4 ;)

for large r

Homework: show that all thee expr. are equivalent
(different normalizations of T are used)

. 248,
Si(E) = e2(B) =1 4 2ip Ty(E) — T, =" : ! :

1 .
: Z =efging - =
21 P

1 do 2
T, = -5 = § 1
: pcotd; — ip d$2 l i

Sasa Prelovsek Exotic hadrons from lattice
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Example: phase shift for spherical well and 1=0

EJ\ A [\\ E > 0 : scattering
Al \ .
vV U \J \/ » relations apply also forE< O

- V (M p: momontum of a scattering particle in cmf

» V(m

u: A singr B sin(pr+09,)

2m,. 2m,.

1 1
dividing both eqgs —tan qR = — tan(pR + 5)
u(R) = AsingR = B sin(pR + 6) q p
u'(R) =qAcosqR = p B cos(pR + )

0,(p) = arctan(gtan(qR)) - pR+nx
q

50(E7 VO) R)

Sasa Prelovsek Exotic hadrons from lattice
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Bound state and virtual state in spherical-well potential 1=0
pn nn 00
e+2i60 ez’pr +e—ipr
1
, ' T
p=ilpl p=-i|p] pcotd — ip
u(r) = Asin(qr) w(r) = Bsin(pr + 0) eiPr — o—Iplr P =¢lPlr
u(r) u(r) ---------------------------------
> R ; :
-0.02 bound st r -0.006 bound st. -0.007 virtual bound st. -0.03 virtual bound st.
-1.2 V(r) -1.1 -0.9 0.8
p cotd ip,p=-ilpl
...... 0.4 0.4 0.4 0.4}
"""""""""""""""""" _ e—1
-015 -0.10 -0.05 . 005 010  -0.20 -0.15 -0.10 -0.05_ .| 005 040  -020 -0.15 -0.10 -0.05 | 005 010  -020 -0.15 -0.10 -0.05 | 005 0.10
e /-%; 202 02
"""""""""" ’ -04 -04 -0.4 -04
ip, p=ilpl
g
S 5 5 5 5
s 4 4 4 4
o)
5 3 3 3 3
= 1 W 1 1 1f\
Q
R 0.05 0.10 0.15 0.20 0,05 0.10 015 0.20 0.05 0.10 015 020  © 0.05 0.10 0.15 0.20
decreasing attraction
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S
E

E=ymi +p®+m} +p?

“ m  Re(E)
—— 00— —————
mi—+mso ® %F

Virtual bound st. Bound st. Resonance

p=-i|p|, sheetl p=i|p], sheetl sheet Il

Resonance in quantum mechanical scattering

no resonance for fully attractive potential for 1=0

-1.0 -

-150L

Sasa Prelovsek Exotic hadrons from lattice

pole locations in T(E)

in complex energy plane

= FNR
E=ENR+m;+m,
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States from one-channel scattering

scattering amplitude T(E)

H; N3 R 1 Z Hp
7 q
q q

H, % H, (-p)

,,,,,,,,,,,,,
Ll fo L L L L L 1A

..........

/ o(B) o [T(E)

mnn/d \
real E for real E for complex E
E — T(E) — T(E°)

analytic relation:
Luscher 1991

generalizations by many authors

analytic contin.
to complex E

Sasa Prelovsek

E=ymi +p®+mj +p?

“ m  Re(E)
— -

1
mi-+meo ® EF

S
g

Virtual bound st. Bound st. Resonance
p=-i|p|, sheetl p=1i|p]|, sheetl sheet Il
p2<0
T(E) .
T(E 1 E?2 —m?2 +4ET
( ) X E2 . m2
o« |T|
1 i
Hy(p) H, 08 :
bound st. 0.6 I 1"
> < 0.4 )
H,(-p) H, 0.2 :
m E(HH,)

Exotic hadrons from lattice 9



Relation between E and 6(E), T(E)

[Luscher 1991]

Sasa Prelovsek Exotic hadrons from lattice
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Relation between E and 8(E), T(E): 1D quantum mechanics  S(E) = 2(® = 1 4 2; 22 T(E)
E —6(E), T(E)

derivation of relation E=p2/2m

periodic boundary condition

(xts)  X>K
W ()= A Cos (p\x\?&) LA ((;:(PPH;\ K R

o AWis form olveedy wluw, V=0 p=n 2mr/L
Y (M) = (- )

. Yhe qm,r ss Y
P (M) = Y (=Y
Hu'y V(%le) ‘.
ap s (pE)R)= ~Ap S (-p -5) ) LY
— ¥[@=0 | pw (3 547)=0 . V=0 k
P%*B:MT[ "\3 mfv—}‘ - x=R X=0 x=R -

< —t— >

relotion bhotwvam §,L
relation between §, Land porE

Sasa Prelovsek Exotic hadrons from lattice 10



considerations

for L=finite; a—0

v

//
< > < >
L, periodic BC
L
p
E, for non-interacting two-hadron system (P=0) —
H2
B =\ Jm} 4 2 4 \Jmd + (—p)2 T 6—p;mﬂ A
—@® $— ra2mL ""\E
E=m1+m2 e 6 p=0 m1+m2 . H1 Hz

ReE
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Relation between E_ and scattering amlitude in QFT

original: Luscher 1991

Nucl. Phys. B354 (1991) 531-578
mostly foIIowing reference: Differences with respect to Kim, Sachrajda, Sharpe 2005 [KSS]:
Kim, Sachrajda, Sharpe 2005

(*) KSS considers two identical scalar particles with mass m
I'll consider non-identical degenerate scalar particles with mass m1=m2=m

hep-Iat/0507006 (*) I'll consider total three-momentum zero, KSS considers general total three momentum

(*) I denote on-shell momemtum p which satisfies E=2(m2+p2)Y/2 it is cmmf momenum as P=0],

KSS denotes on-shell cmf momentum g*

inspired also by
e INT 2021 lectures by Raul Briceno
https://www.youtube.com/playlist?list=PLDi14w7i5C3Bm3U11Q4n596UZQhOpri1Cx

* R.Briceno, J. Dudek, R. Young
1706.06223, Rev. Mod. Phys

Sasa Prelovsek Exotic hadrons from lattice
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https://www.youtube.com/playlist?list=PLDi14w7i5C3Bm3U1IQ4n596UZQhOpr1Cx

Luscher 1991
Summarizing: relation between E,, and Mx T

7 7 Luscher's quantization condition
/1
. 9 det| M~Y(E) +iF(E)] =0
Hy(-p) 177 Halp)
@rr—
4

M im(E) = M(E) 6117 dpmm
M,(E) =8rE Ti(E)

E=eigen-energy from a lattice simulation

p= on-shell momentum; momentum in region outside V (QM)

E=m? + p2 + /mZ + p?

Frm im(E,L)  known kinematical fun.

m
>

det: in |,m indices

if only one partial-wave | contributes:

M; Y (E) = —iFy(E)

Sasa Prelovsek Exotic hadrons from lattice



Scatting amplitude in QFT

E<3m
1
— fully dressed and renormalized scalar particle propagator = 5 5 — + ...
P — m*- + 1€ ,
nonsmgular terms
at p2=m?
/=1
K | kernel K = sum of amputated two-particle irreducible (2PI) s-channel diagrams

R =X + zi + >e<+

scattering amplitude M= Z{Z 4 /@Kj: =
Seeese o d

integral over mom.

Sasa Prelovsek Exotic hadrons from lattice 53



derivation in Minkovski space as in

E, and M(E,) are related via correlation function C in finite volume
Kim, Sachrajda, Sharpe

» finite volume C(E) has a pole atE,, : C(E,) =00
Cltar) = ) Ap e Fntu | E

C(F) x /C’(tM) ettt = ZAn/e_iE"tMeiEtM dt s

C(E) X ZAn 5(E - En)

» finite volume C(E) depends on K, which is related to infinite volume M < T

sum over mom.

in the box

this will give us relation between E,, and M(E,)
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Bubble diagram: difference between inf. and finite volume L,R correspond to K or source/sink

toke CNF ?:(EIB) oud  wou- jdoulied parkelys wit >,

P~k o
db (e ey ‘
/ P\\ B(°°¥ gmp SUT LL(]C) kAw“E ™ ) umi km\
1 g
e—j—»? B(V\: g E a e
d

Poisson summation formula

TJ’T iL(k) : P—) UL“Z LE—U—\
IR FUUPIED /(dg’“ iy

k,u,ucli

ko

“Wpti L Ewpt
¢ > wg = \/m? + k2

for g(k) that has no singularities for real k
5 &k P Bt g
13 Z g(k) / (2m)? q(k up to neglected e™: corrections Wl “
closing contour downwards:
blue pole: no singularities in physical region of interest:

this can lead only to exp. small corrections which we neglect
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Bubble diagram, cont’ J

L, perlodlc BC

&————— P=(E,0)

et r8) o 400 gt o

e
rey dugw ol @ k;lwk Mg ok
(A Uy .

only pole is at E = QCUE

- 1 o 1
—k o ¢ A ] N i ~——————T¢ . ~
/ \—ﬁ (L -w, \ - Wi 1 3 F-wtWw, E- \’%CWIJ& when both particles come on-shell.
Y 2 This happens in physical scattering
o o
—? &=y (@\J(w le LO) for k that equals on-shell mom |E| — |25‘|
E=\/m2+p? +\/m2+ p? p= ‘ ]5" . diagrams where an intermediate two-particle

state can go on-shell play the dominant role in determin-
ing the dependence of the correlation function on the
finite-volume. Qualitatively this can be understood by
recognizing that on-shell particles can propagate over ar-
bitrary distances and hence sample the boundaries of
the volume, and the quantitative manifestation of this
will be pole singularities at energies corresponding to al-
lowed free two-particle states. Diagrams in which the
intermediate two-particle state cannot go on shell can be
shown to contribute at a level which is exponentially sup-
pressed ~ e~™=L and these can be neglected for volumes
L>m_L

definition of on-shell momentum p

finite sum_k. int finite V correction
I

{

ol !

;V, = ) + I

-F

R. Briceno, J. Dudek, R. Young, 1706.06223

56



P
Bubble diagram, cont' | \®/\:>@/ P=(E,0)

e—
. i*_E'...- Mo A — i T _q S
B(\'P\S U,T)_J Z,U)k g L(IC\ (E—— sz“ r(}, ﬂultiik R*U‘-> AL . E-wit W £~ -wtil

Q- h s @A) (a=b)

v e )] L(©)= & 0 Veu(le) Law (12)
'[S(V,\ = é AX@W\(\Q%& iU ll( i{!iwyw) i”’g\U‘)S A yx({w« (‘hx (Q O ) (n ¢
L, o B (E- 20, x4 R()= £ 0 You (k) %(t;u)

pole in denominator enforces k=p

q 1 '

! R — S
dl 4_,,___ B = _ | E-W i LV, E-e, g

\JM (Q(@O\> o &m ZU)I(_ ?_wIL F(t ‘L> i 'L FOJV+{(£{ q/ —E’ smooth on-shell
P[AQAX &PQ C( E renders Im(B)

= ‘ 2 L 'LHTY“(EBLNMUJ -
BUY- (o )= & Ayl -L\ AR
| B( \ L{w}/k = F) (L3% EU'“)J W, E (E- W, ta©) NRM(P\
A A -
i2 F’(/\Ukllew (El L/> =-F F = known kinematical matrix function

same as in Kim, Sachrajda, Sharpe 2005 (eqs 48,49)

omitting i from each of two props in definition of F
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Scattering amplitude for V=inf

-3
k
E=/m2+ p? + m? + p2
M= E + m +... \/ p J p
S o4
-l
k

M,(E) =8rE Ti(E)

. : : . . 1 1
M =1K +zK(real+z&TLE)zK+ . = — T = ,
\ , real —ig % real — ip
|
bubble 1
Homework 8: — -
collect real pieces and pCOt 6 —1wp
perform geometric series ¥
real

for real E above and below threshold

The imaginary part of M! is uniquely rendered from the kinematical region when both particles are on-shell :

Sasa Prelovsek Exotic hadrons from lattice



Determining poles of C(E) CFV(E,) = o0

Pasctam E - : - :
C contains poles we are seeking finite sum_k. int finite V correction

c®- ‘ Q C()o Q
C® contains only cuts, no poles

- -] -

—

M1+A‘_
CE(E) = oo
®= G - By inserting the above sum to C,

and using definitions of A, A' and M:
CFV(E) ] C(E) — COO(E) C™ contains same poles as C onhe can (pICtorIa||y) ShOW

finite V correction

Homework :
CFV(E)

try to understand diagramatically

SOLOEOIRS
= =@ @G
_®O-0 e
e mr
K = sum of all amputated two-particle

irreducible scattering diagrams in s—channel

M = scattering amplitude we are after
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Quantization condition for poles of CFY(E) CHV(E,) =
finite V correction
i £
o) (01(6) (9 G0
geometric sum
= 1 1
FV I . — / 4 n — / — /
C*V(L,E) x A' [-F+FiMF+..]A= A ana[ iMF]" A AP A= AFM s A
1 ~ 1
M-14iF — det(M~1 +iF]
oole of C(E) at E=E,, where det[/\/l_l(E) N ZF(E)] 0 guantization condition
= Luscher's relation

M scattering amplitude My im(E) = Mi(E) S dmm: M(E) = 8nE T,(E)

F known finite volume correction to the loop function  Fy jm(E,L)
both are matrices in space of partial waves: M diagonal for spin-less particles (since J=1 is a good quantum number)

F nondiagonal in general
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Luscher 1991

Summarizing: relation between E,and Mx T

// ///

i

y

4

P /|

Hy(p) 17 Halp)
@
4

E=eigen-energy from a lattice simulation

p= on-shell momentum; momentum in region outside V (QM)

E=m? + p2 + /mZ + p?

m

Sasa Prelovsek

Luscher's quantization condition

detM~(E) +iF(E)] =0

M im(E) = M(E) 011 6mmy
M,(E) =8nE Ti(E)

Frm im(E,L)  known kinematical fun.

(TwoHadronsInBox package, Morningstar et al)

det:in |,m indices

many generalizations; most general (particles with arbitrary spin,

total momentum, several two-particle channels):

Briceno, PRD 89, 074507 (2014)
if only one partial-wave | contributes:

MY (E) = —iFy(E)

Zoo(1; (B2)?)
L

only 1=0: p-cotdg(p) =
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Lang, Mohler, S.P., Vidmar

1 T scattering in p-channel, JP¢=1", [=1,1=1 o2ou m-266wev ni-

single volume N, =16

@ note: this "simple" calculation
is chosen for pedagogical purpose,

now calculations are more advanced

C,(1)=(0]0,) O;(0)[0), 0=7g, @Gq)=rr, 1~

(96 © & 0N o
(b) @ ©
@ @) /, i
12 B [P;-(o,o,o) i . i @LL)=(1,1) n
- % interpolators i)
g | =Seedbpe—e
%08 E VINIA
§0.6; & I q F q (OOO) =P always several of those
g r < oot e %
& i T o7 |
mo.4 L
ol [ w(—001)7(001)
] l v
O 0 3 6 9 12 15 18 .
— f — mom. proj.
1, o P=(00,1)
Z l +
L w
I ¢ v g T ¢ (001)
K, o T T EeSERSEEE Sy
Eo EOA ]
S L e 7(000)7(001)
)
A S R T S
OD T
o] t2r P=(1,10) |
1+
g & . J
Lo R, e 1 — te: En have to be determined tel
s _ . = } _ T q T q (110) note: En have to be determined so accurately
Eo'ﬁ that energy shifts can be extracted reliably
Bl [ ‘ 7(000)7(110)
02
] first study lattice study which considered scattering
’ ’ i = ® dashed using distillaiton method to calculate Wick contractions

lines: ENi 62



Lang, Mohler, S.P., Vidmar

1 T scattering in p-channel, JP¢=1", [=1, 1=1 oou m-2smev, i

C,(1)=(0]0,) O;(0)[0), 0=7g, @Gq)=rr, 1~

TP

=16

eigen-energies for NL

T T L T T
121 B
pres P=(0,0,0)
&
1
g
| R PR e meionayt no 0! EQE [t 1R ST SE )
§0.8
o
206 . -
306 ee wauwg'gqr)T [{L
= o}
D0.4| T Jf K
‘o ground state -
02 O 1st excited state
G L L 1 L
0 3 6 9 12 15 18
T ft T T
12
P=(0,0,1)
1 =
g
. =
EO.B o D i
° = N S 4
%0-6 --------- i e e i e
=}
mo4 ]
© ground state
02 < lst excited state |
0 I L 1 1 " " A 1
0 3 6 ? 12 15 18
|
121 B
P=(1,1,0)
l_
bl
2 ] W r b
408 . 8 » o » 6 -
e LG e s et e i e ok
o ol
.§0.6— e
&= .
mo4r- © ground state
J1st excited state
02
0 L L
0 3 6 9 12 15

My

! (Ecm) = —ikFy (Ecm)

1=1

—>

Luscher’s relation
forP=0,P # 0

1

- 8mE(pcotd — ip)

p**tlcotd  m% — E2,

m Mass [MeV] Born= VOTT g -

Lat

Exp.

Ecm
21+1
p
I'(Eom) = g2
(Ben) =9 1,

772+6+8

775

5.61+0.12

5.97

single volume N =16

n(_p) (I,I});(l,l) ‘II
180 i T T T ' T T T
150+
120+
<
90 .
2e I
60 I
I
I
30 |
I
O i 1 | 1 ! | 1 | 1 )
0.6 0.7 0.8 09 1
E (nr) [GeV]
0.2
—_—
0.15+ _
5 %0 i
= oos —\-\_\ _
g L 4
S .
2 r : 7
S L | ,
o -0.1F 1 =
L 1 i
-0.151 : .
L : ,
| | | |

OB 015 02 025 03 035 04
2
@E_ )
cne

Ecm=772 MeV 63



Scalar charmed meson

HadSpec, Gayer et al, 2102.04973
m, =~ 240 MeV

D c R c D
q e q
q)—é—\q

T “q q L

JP=0*

O ~(ual'1c)g (dlau) gz, + -

~ D(p1) m(p2)

pz a

Sasa Prelovsek

Cd_ . Cciqq JP — ot not explicity exotic;

it’s low mass indicates non-conventional states in this sector

red lines: Eovint=/m2 + p;2 + \/m2 + p,? pi = 1 2T7T
' AN
0.39 \ N
0.38
0.37 | ’ )
other
0.36 - B total momenta
and irreps
©
e 035 ¢ -—
LI.IU o] o]
0.34 - -
0.33 - o
24 32 40 24 32 40
(a) [000]AT (a) [100]A;
Exotic hadrons from lattice 12



Scalar charmed meson, cont’ cd , cdqq
HadSpec, Gayer et al, 2102.04973

m, =~ 240 MeV m = Re(F) [MeV]
2100 2200 2300
. D7T|Z;::A:239 MeV
Z 0
D ¢ R ¢ D =
q @ q : )
q A q Z20f
/_é_\ [
~ 7 -30 o~
i 9 1 " : ; ' 400 |
JFE0* 0.35 0.37 I I
atEcm — my = 239 MeV
600
. Luscher’s )
0.39 ' = pcotd(E) = —F(E,P,L)
relation
0.38
— 0.37 | °
3 to
< S 036 L X o016l At PCO
) — .
v, 50.35 F L other I K-matrix
L o a
0.34 . 0.12 effective range
o4 L irreps +
0.33 i o
24 32 40 2 32 40

(a) [000]AF (a) [100]4,

1 1 1
-0.001 0.001 0.002 0.003 0.004

Sasa Prelovsek Exotic hadrons from lattice



Scalar heavy-light mesons

Gnventional

guark model

o

Cq q=u, d,s\

cs

gg//

New paradigm

Lutz et al, 2003 PLB, 2209.10601
Du et al,1712.07957, PRD
Albaladejo et al, 1610.06727

Dy(2317): 70-100% 2.3 GeV
DK molecule

lat: 2.1-2.2 GeV (pole)
PDG:2.3GeV (BW)

JP =07

new paradigm supported by:

©cqqq
3®8=3 @6 @15

lattice
ChPT+HQET, UChPT

reanalysis of exp data

feature in the spe! Fum

states circled by

most

q=u,d,s

attractive

attractive

VPRI Bp—

csdu

n=u,d

repulsive

csnn

SU(3)¢

Scattering on the lattice

P

S=1 Mohler et al, 1308.3175, PRL
Lang et al, 1403.8103, PRD
RQCD, 1706.01247, PRD
HadSpec 2008.06432, JHEP

S=0 Mohler et al. 1208.4059, PRD
HadSpec, 1607.07093, JHEP
HadSpec 2102.04973, JHEP

S=-1 HadSpec, 2008.06432, JHEP

SU(3)r: Gregory et al, 2106.15391

attraction in 6, repulsion in 15

mixes with 15

2.4-2.5GeV

eanalysis of lat 1607.07093 by
Albaladejo 1610.06727

virtual bound state
HadSpec 2008.06432
partner of X(2900) [LHCb] ?
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Channel with exotic flavor D K JP=0*, =0  Hadspec. Coll, 2008.06432

my = 391 MeV

Ecm/ B P
MeV T [000]AT

0.50r
2800
z00t 048[
2600 046} _
+ 9 more P/irreps
2500 044}
2400 |
042+
2300
: . . . . . . . L/a,
20 T 24 20 24 20 24 20 24
certain irrep gets
D(0,0,0)K(0,0,0) D(1,0,0)K(0,0,0) PE
operators contribution fom multiple

D(0,0,1)K(0,0,-1)+..  D(0,0,0)K(1,0,0)+..
D(01111)£(01-11-1)+-' D(].,].,O)E(O,'l,O)"‘
D(1,1,1)K(0,-1,-1)+..

partial waves (odd and even)

for P # 0 since mD #mK

Sasa Prelovsek Exotic hadrons from lattice 67



D K

JP=0%,1=0, 1=0

03

a p cot g

HadSpec. Coll, 2008.06432

1
~ 81E(pcotd — ip)

M

detM Y (E.pm) 4 iF(Eem)] =0

] L 1 - 1
-0.006—<0:004 -0.002 0002 0004 0006

(a p)? ﬂ

-0.1
Virtual bound state: Riemann sheet ||: p=-i |p|
p cot(del)=ip= |p|
% Xpt.
DK DEKI[5P
I _— — o ‘. o \/3nore/McV
2100 2200 2300 2400
unphysical sheet DKy,
my=391 MeV

Sasa Prelovsek Exotic hadrons from lattice
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P

H. Xiang et al., 2210.08555 m, = 294 MeV
DX, ins-wave JP=1/2-

Ly rop? —ip=0 — p, =i|py|

mi. = \fmb+ 83+ \fmd -+

mp, — (mp +my, ) = —6+3 MeV

Sasa Prelovsek

ccuud — (cu)(cud), ...

3 (@e)(uud)

caution: coupling to charmonium+proton omitted

0.2
- Dy,
)
O
“7;: 0.0 -+—
S }
-0.1
3] + .
ISH
-0.2
4+ 132
+ L48
-0.3 +— v v
0.05 0.00 0.05 0.10 0.15
2 2
p° [GeV“]
TOC; pcotd = = + Lrg p?
pcotd —ip a0 2

5 | Re(E)
L poleinT: 5 o0 >
— | mi+ms
real bound st.
Virtual bound st. Bound st.
\_ p=-ilpl p=ilpl

Exotic hadrons from lattice

/
D=cu D
X =cud s

Wu, Molina, Oset, Zou, PRL 2010

D=cu D D=cu D
¢ ;
: T : P, W
| 1
X, =udc P . =udc X
LHCb 2019
=0 \«+5*0

5B
1200} :
1000:
soof

600

200

e e ] » Sl
4%00 4250 4300 4350 4400 4450 4500 -

m(J/¢ p) [MeV]
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Tbc . next exciting
discovery from exp ?

Alexandrou et al, 2312.02925 PRL
m, = 220MeV

beud

I=0, JF=170"

O ~ (ub)(dc), [bel[ud]
B* D D=cu cu
B D* >t%
1 B*=hd bd
TO X
pcotdg — ip
0.25—————
0.00f e
jEi —0.25} :55"—“===== E:
O )
O —os0f %%
Q, e
S oml T <
('Ij/n—li?, J::ll
~1.00}
y LH x'ull | : | )
~0.04 ~0.02 0.00 0.02 0.04 0.06 0.08
2
(ap)
mr,. —Mmpx—mMp = —241_%)(7) MeV

mpr—mp+—Mp =

67 +24 MeV I'p =132+ 32

7y [0,0,0]

200
150+
< 100F
=
% ol
<1 50f x
[]
S 3
)= —
I B D‘thr.
- E
24 32
L/a
Luscher’s rel.
0.14
0.12
0.10 ’]=1 6(E)l T(E)
0.08
0.06
0.04
0.02
0.00 T T T T T T T
0 25 50 75 100 125 150 175 200

Vs —mp. —mp [MeV]

12



pcotd (p=0)

TbC . next exciting =0, JP — 1+’ ot bC?,_LCZ

discovery from exp ? D=cu o
O ~ (@b)(dc), [bd][ud] >tL”°'<
M. Padmanath et al, 2307.1428: JP=1* from ground E, near DB* threshold
*0 0.00 ‘
S m., = 0.5 GeV
204
+ —0.02 1 ‘L
EQ ~0.04 ————— .
—-0.06 T T T T T
0.04 0.06 0.08 0.10 0.12
lattice spacing [fm]
approx
T L td = =
X ———— coto = — <
pcotd —ip P a0 2<0
e —ip=0 = py=—ig =il & | Re(E)
poleinT: ‘é’ | - -
- — mi+mg
. +6\/+14 real bound st.
mec - (mD —|_ mB*) - _43(_7) _24) MeV Virtual bound st.  Bound st.
\\p:-ilpl p=ilpl -
after continuum extrap. and
chiral extrap. fromm, = 0.5 — 1 GeV
Sasa Prelovsek Exotic hadrons from lattice
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ch from LHCb experiment

cedl I=0, JP=1* (most likely)

The longest lived exotic hadron ever discovered

D*+D° D*D*

60

50

40

30

20

fd
(=}

’lllllllIIIIIIIIIIIIIIIIIIIIIlll

e |
o [TT

7 3.88
m(D'D7) GeV

dm =m — (mp+«+ + mpo)
Smipore = —0.36 £ 0.04 MeV

LHCb 2109.01038, 2109.01056, Nature Physics

Sasa Prelovsek

D* s D myo ~ 135 MeV

Mp«+—Mp+ = 140 MeV

C———C
\')__(__,g D
dA——r—— 9 It

¢ P

Omitting  [D* Dﬂ', ch — DD
T.. would be a bound state

Exotic hadrons from lattice 13



all analyzed in 2402.14715, PRD

TCC from lattice _ _ Collins, Nefediev, Padmanath , SP;
all simulations :

My =My > mZ},Ld D* 4 D single lattice spacing

(J. Green et al are exploring

several lattice spacings, lat 2023, unpublished)

A mc  mpi L |ensmbles ref.
I L
five values 280 MeV ~2.1,2.8 fm CLS Nf=2+1 our, 2402.14715, PRD,
Padmanath &SP,
mMp=1.7-2.4 GeV 2202.10110 PRL

eigenenergies

m
u/d ~ physical 146 MeV ~8fm Nf=2+1 HALQCD, 2302.04505, PRL
HALQCD potentials
~ physical 280 MeV ~2.1,2.8 fm Nf=2+1,CLS our, 2402.14715, PRD
eigenenergies
~ physical 348 MeV ~2.4fm Nf=2 CLQCD, 2206.06186, PLB
eigenenergies
/Z
;.

D D* recent 2405.15741
presented at the end

0= (5750)171 (J’Yz'c)ﬁz — (p1 ¢ p2) p1,2 = 11,2 27"

|
a
il\
A AN\ :
oS

(@ysvec)p, (dVivee)p, first extraction of T(E) for Tcc:

Padmanath & SP, 2202.10110 PRL



. . . . . : c
T..: finite-volume eigen-energies = |
c u
1=0 1=0,1 cd
Pl=0 |P|=1 L
~m.prh mp=(mp +3mp )4
165 N ¢ N N p=(mp /)\) )
\
mp~1.864 GeV mp~2.019 GeV mp~2.148 GeV mp~2.269 GeV mp~ 2.48‘,?1 GeV
1.04 F 1+ 1 1+ \ .
i ‘
1.03 | {3+ I+ H+ .
=
K 102} - e “F .
1.01 | - 3 aln \\‘ |
' =
¢ o # )
1.00 P2 1 e 1+ - ® =
) o u—cut v |,_\
lhc e
0oof TH(0)  Ay(1) 4 T7(0) A1) F TH(O)  Ax(1) 4 TH(0)  4x(1) | T7(0)  Ax(1)
2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3
L[fm]
lines
B = \Jmd 4+ 52+ b + 57
pi = i %F
Collins, Nefediev, Padmanath, SP, 2402.14715, PRD
Sasa Prelovsek Exotic hadrons from lattice 16



T..: scattering amplitude

0.2

0.1 i + }

ﬁ?L?) = (mD§+ 3777[)*5/4

0.0

_01 mp ~1 864GeV

0.2

0.1

0.0

—0.1
0.2

0.1

0.0

—0.1
0.2

pcot(do)/ B

o1b

0.0

—0.1
0.2FT

0.1

0.0

—0.1 .
—0. 002 0.000 0. 002 0. 004 0. 006 0.008 0. 010 0. 012

(p/Ew)?

Sasa Prelovsek

1.05

1.04F &

mp~1.864 GeV

m

mp=(mp+3mp*)/4

C

\ \
mp~2.019 GeV np~2.148\GeV mp~2.269 GeV mp~2.484 GeV

\

1.00

Ihc
0.99 F T7(0)

® ) > o u—cut

A2(1) 4F T7(0)  Ax(1) 4F TF(0)  Ax(1) - T7(0)  Ax(1) 4 77(0)  Ax(1) A

E

one-channel

Luscher’s approach ]

applicable

Exotic hadrons from lattice

T T
2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3

L[fm]
Ecm D=cu cu iq
S
DDt _
D*=cd cd
B D*D*
T DD*
- left-hand D* D
cut :
:m(q)
D D*
S-wave

17



T..: Pion exchange, left-hand cut etc

Heavy meson ChPT

2 —2 2 2
P cent L gc q . gc IU”T('
- q Va (@_4]02 G2 —m2 4f2< 1+ 2)

attraction at slight repulsion
D*(p) X /-l'n' = m (mD‘ o mD)2 short distance  at long distance
lat : 2 >0 2
7l'(q) T 3) / Ke —prT
ph: p2 <0 —63(7) - €
D(-p) D*
s-wave projection VWS (p,p) X /VW (Cf) d cos 0, 52 = 2])2(1 — COS 9)
4 2
VE(p,p) o 1n<1 + %)
Mo

complex p cot & (Luscher’s eq would render it real)

—

b h
Im(z) % bra.mtch p;?rr:tc 4 Im(p?)
poin 2
2=0 p'=—F Ihc slightly below
X DD*, BB*, NN ... th
branch cut Re(z) left-hand cut Re(p?) ’ ) ... th.
(Ihc)
2 2
In(z) Ve(p?), Tr(p?)

2 Sasa Prelovsek Exotic hadrons from lattice 18



T analysis based on EFT Collins, Nefediev, Padmanath, SP, 2402.14715, PRD
cc

Cy,, fitted from lat. data

significant short-distance attraction gc

Vor = 2co + 2c3(p* +p'?) 2fn q
D* D D*(p) D(p) D* D

N +  1(q)

|
/

D D* D(-p) (-p) D D*
D*(p) D(p) D* D D*@p). D@ _D¥*p)
T = Vv + Vv T
D(-p) D*(-p) D D* D(p) D*rq) Dip)
T(p,p';E Vipy) - [ vegdenrasn
(p7p7 ) = (p)p) (271-)3 P,9)u\%; P equation
inspired by

Du, Hanhart, Guo, Nefediev, Filin, et al, PRL 2023, 2303.09441

Sasa Prelovsek Exotic hadrons from lattice

T=V -VGT
1

T =
V14 G

Limann-Schwinger eq.

Bethe-Salpeter eq.

19



D=cu cu

>@<

D*=cd w my>~280 MeV

T, : scattering amplitude and pole trajectory e Tc |

0.2

Im(EP) [MeV]

1
—.n 2 10

0.1

0.0 fe==—st—

-0.1
0.2

0.1 - Re(EP) — Ey, [MeV]

0.0 =

-0.1
0.2

0.1

0.0 b=

—0.1
0.2

pcot(dy)/ Ewm

resonance pole
virtual state pole
lhc

arrow: increasing mc

0.1

0.0

—0.1
0.2

0.1

0.0

01k : . . .
—0. 002 0.000 0. 002 0 004 0 006 () 008 0. 010 0. 012

(p/ Eth)

levels below Ihc omitted from the fit

reassuring: plane-wave method incorporates levels below lhc and gets consistent s- Collins, Nefediev, Padmanath, SP, 2402.14715, PRD
wave amplitude Meng, Baru, Epelbaum et al., 2312.01930, PRD

2 Sasa Prelovsek Exotic hadrons from lattice 20



.1 1 Collins, Nefediev, Padmanath , SP, 2402.14715, PRD C
I.. :Interpretation I

D* D D*(p) D(p) D* D

V(a) B - > as

I

/

2/

D D* D(-p) (-p") D D*

Potential for five different m,

V(r V(r
0'01(f )reg' . , , P 0.00004( )
-0.01 0 .0 1.5 2.0r[m] 0.00002 r[fm]
-0.02 -0.00002 25 30 35 40
T004 Toooooel  Ha oM
-0.05 -0.00008 r

pz =m2 — (mp- —mp)? 50

V(r)

cu D

= .
cd D H=v+2
2m,,

V almost independent on m,

attraction increases with decreasing my4



R H;H;, Hi'H, resonances R
E above several th.

m, +m, H1 H2
resonances above one th.

HiH,

R- H,H,

shallow bound st.

states well below
threshold

Hadrons from coupled-channel scattering

Sasa Prelovsek Exotic hadrons from lattice 80



Coupled-channel scattering

most of hadronic resonances decay strongly to several final states

£,\870)> TIT ki K*omzo\—x leI Km K
3, (0] T, K Dy (wso)> om, ' 1
o, (1260) > O AT, .

almost all exotic hadrons decay stronly to several final states
Coud s 2,24 T O, 98
bbud: 2,~Y (“W; M%\Wl B@T.,.
cclbd . P4y P zcD ...

Z(,EC, L X ((,%Do)ﬁ ‘]N "J{\/,* "}L/'?( .

Sasa Prelovsek
Spectroscopy of excited states

R—->Hy Hz’ Hl' Hz'
resonances R
E above several th.
m, +m, H, H,

m; +m, HyH,

shallow bound st.

states well below
threshold

81



Resonances in Km, Kn coupled-channel scattering, 1=1/2, 1=0

first coupled-channel scattering study:
HSC (Wilson, Dudek,Edwards, Thomas): PRL 2014, PRD 2014

O : §u, K (p1)m(p2), K(p1)n(p2)

Eem/MeV
1600 |

1400 -

1200 -

1000 -

Sasa Prelovsek

Spectroscopy of excited states

E.., /MeV
1600 |

1400 -
1200 -

1000 +

(Sw

Wick contractions

- (rii) 0 i‘ﬂ 0>_<'-0
===
0‘.'_'_'_'_3 35__%) H g;@
[ (S
0\(3 39\8 %f\ 3 o

82



Coupled-channel scattering matrix

Consider irrep where only partial wave | contributes (for simplicity)

one-channel scattering two-channel scattering
1x1  1x1 1x1 X2 2x2 2x2
S = I+i22 M S =1I+iZZM
WL KT[—)K“_ M — (./\/ln M12) = (KT\ KT KW 7\<'}]
Mz Moo Kfq > KT K’\/\_”K‘V\
M(E)

M;; (E)

Sasa Prelovsek

Spectroscopy of excited states



Determination of coupled-channel scattering matrix for 2 channels

Consider irrep where only partial wave | contributes (for simplicity); E=E,

E=lattice eigen-energy det [M—l (E) . ZF(E)] —0 quantization condition

Sharpe & Hansen 1204.0826 and others
S=1I+i2M / \

s- (v ) F= (7

-

impossible to determine
E=E'at for given P, irrep fIMi1(E), Maa(E), M12(E)] =0 P
all three from one equation

Sasa Prelovsek

Spectroscopy of excited states



general idea suggested by
Doring, Meissner, Oset, Rusetsky 1205.4838

rescue: parametrization of M(E)

E=E.m det [./\/l_l(E) + ’LF(E)] =0 quantization condition
/ \

M is diagonal for M _ (Mll M12> F — F]_l O
scat of partticles M12 M22 0 F 29

with S=0

1. parametrize Mj;as a function of E or p via some parameters (C) (E) M. (E C)

simple example M;(E)=A; + B; E2

2. parameters C chosen such that det[]=0 at E = Ef,bat

(hard to satisfy exactly)

det[M_l(E, Clz) +Z F(E)]L,ﬁ,A =0 for all L,P, A=irrep

atEem ) s e A1+
3. in practice: find C that satisfy det[]=0 best by minimizing chi2 below 028f = T~ = e K
1 ] 024t :
- [ y — — del SR
det[M (E, Cl) + Z F(E)]L’P’A o O - E;Lno ) (C) 0.20 kv o TR R RS S * s s : ......:.....__.’./.13'1‘1.1
= Z [E(lzat - E;"Od’el( )] covab [E;, Elot _ Eg"Odel(C)] ] e i e
16 20 24 Ljag

sum a,b over all discrete energy levels n and all L,P, A=irrep studied
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Results for Km, Kn scattering in I=1/2, 1=0

180

150

T T T T
1000 1200 1400 1600
2% ©° o0 o ® om wmwo oo 9o0oo 4 % . 243
o o e ccgem o o 20%
. . . . 16
10 1000 1200 1400 1600
. T
0.9
77 0.8

07 | x?/Ngot = 0.88

Sasa Prelovsek
Spectroscopy of excited states

HSC (Wilson, Dudek,Edwards, Thomas):

@ PRL 2014, PRD 2014

eta=1: decoupled channels

these two channels are almost decoupeld
for examples of channels that are not decoupeld

see further works by HSC
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HSC (Wilson, Dudek,Edwards, Thomas):

@ PRL 2014, PRD 2014

Location of poles in Ktt, Kn scattering: 1=1/2, 1=0

m = Re/sq / MeV

800 1000 1200 1400
1 1 1 1 1
g‘l{l'.‘\
of-—mo——~+----- 'Oa.:fj/ -------- 23 fr} -------------------------
“y, .
= -100}
=]
~
[i T 0 o
z m—
— 1000 1200 1400 1600 . o
~ -200} 3 mo e e . 23 / MeV
I K o T 1000 " 1200 " 1400 1600
—~ 09
- M s
07 x2/Ngor = 0.88
3001}

Sasa Prelovsek

Spectroscopy of excited states
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Charmonium(like) resonances and bound states

) quc g=u,ds [ =

D.D, J=0"state |,
T;;(E Ci Cj
Z-j( em) B2 P = LHCb, 2210.15153, PRL _ m,~9280 MeV ~ mp =~ 1927 MeV
o 2 ol X(3960) el
s “f - Lat cts ensembles Exp
9 = MF : Br(DD) ~03 o :
b 5 .02 +0.02 S ZJE_ ! Br(D,D,) ~ 7
|C2 A ‘ . 10: | ++ + 5 i 7
Do NN oo T 4.0
) re) a4 N 26 3 :.‘s _—e— —————————————————————— 1 om
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https://arxiv.org/abs/2210.15153

Likely interpretation of some near-threshold states: “molecules” attracted by V exchange

I=0
JP=0*

cqqc

now support also from lattice

DD D.D,
D=cu D D D D.=cs D,
+ I - 1
|
VT 105 W 1o
L ] I
D D D D D, D

Sasa Prelovsek
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Signals / (20 MeV)

a number of pheno studies
Oset et al, 0612179 PRD,
Guo et al, 2101.01021,...

X(3960)

+ 022 —:
++J++\~+ +++++H+++++H+++++Z+++++. ;

LHCb
9 fb! 7

42

44

1 1
4.6 48

m(D;Dy) [GeV]
22



Coupled-channel DD*-D

T.. virtual state below DD* threshold (effects from left-hand cut not incorporated)

+

T.. resonance below D*D* threshold : look for it in experiment !

2 Imy/s / MeV
50 —
Vs = 3971(35) MeV
40 - T ~ 11(13) MeV
30
20
10 N
*‘\\,\‘(. . *“\\l
Vs ~ 3834(31) MeV N 9
0 O—— o : —O ,Rey/s / MeV
3850 3900 3950 4000 4050

Sasa Prelovsek
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*D* scattering

Yield/ (500 keV/c?)

Hadspec 2405.15741

m, ~ 391 MeV
70: T — ‘

o LHCb =33 E
R + ]
S0 + i 3n ik
Y

E ? i Iﬁl Dita D’r: 3874 3.876 E
S S e et morper: [GOV/e]

r | ] : : otal
20- ﬁ | o e T
10F- gt #Jf I J( ﬁ *
s \}H #ﬁh %ﬁH s +1 ++%

- —+——
387 388 3.89 39

Mpopos+ [GeV/c?]
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|Ight hybrld MESON 7T from lattice JGU JPC¢ — 1+

— 0.43 0.44 0.45 0.46 047 VA= Re,(E a’)
3 To—0 T T iort O— o T
\m—/
E -
™ -0.01
I
3
~
0.02 -
C; Cj
Im(atc) Couplings of the resonance to various channels Tij ~
E2 _ E2
0.05 p
: 8, 8f3
prpy I 0SY i 5
T T T T T T T — Re (atC) Woss et al. (HadSpec)
ey 0 5 010 015 020 025 030 035 040 045 500910034
m,=mg=m,, m, = 700 MeV
' pheno
pT 77’ T fl 1T bl T analysis physical world
dominant coupling
resemblence to experimental 7T1(1564): COMPASS+JPAC Rodas 1810.04171 [PRL]
- m1(1600)
: PDG 2024
1,(1564) in COMPASS+JPAC replaces two older resonances 17,(1400) and m,(1600)
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Exotic hadrons from static potentials

Sasa Prelovsek Exotic hadrons from lattice
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Static potentials from Born-Oppenheimer approximation

System with

two heavy partices QQ or QQ or ...
light degrees of freedom g=u,d, G

E=mqg+mg+Wg, +W(qgG)

kin

E:mQ+mQ+WQ + V(r)

kin

. 0 R _,
zha\ll(r,t) = —%V U(r,t) + V(r)¥(r,t)

V(r) [ki/mol]

Sasa Prelovsek Exotic hadrons from lattice
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Potential and confinement

EM interactions strong interactions (acp without dynamical quarks)
t=0
t
r
- =
0 gluons 0
3 C T T T T T ]
£ 2':9
2 2} e
u
1r "'./" .
- ©
0Ff E ot |
: >
E -t .
2
A .
$
sl V()2 9 g
J 3 4rr
_4 s I L 1 1 1
025 05 075 1 1.25 r[fm]

Bali, Phys. Rept., 2001
Sasa Prelovéek Komelj Strong interactions an-initio ys- Rep 11/22



BOttomonia and hybrldS omit strong decays . Schlosser & Wagner, 2111.00741

quenched

1.5

I=0, varius J°

V(r) [GeV]

bGb b

A —o—

AHYP2 5

-0.5 B —v—
C
D —
parameterizations
-1 1 1 1 1 1
Bali, Phys. Rept., 2001 0.2 0.4 0.6 0.8 1 1.2
based on V from: Bali et al hep-lat/9703019 r [fm]
11 F iment .
ex%egrgia% + blue: Segovia, Tarrus; Brambilla @ MITP 2022
e =0. x . .
based n V from: Juge, Kuti, Morningstar, 1997, 1998
108 - iy violet: Ryan & Willson 2020
10.84 , 1
N %
106 F % 1
10.82 - W B
10.4 - § W
v 10.80 |- R
_ 102 e F — T
— > = > 1078 | .
S
bb ¢ N bGb &
10y 1 —i10.76 |- .
L E
9.8 |- . 74 | \
1074 §§
96 I iy 1072 r H, multiplet
9.4 |- % . i lat potential + EFT oo |
lat (relativistic b)
1068 J‘ 1 JA 1 lA 1 L
9.2 | . -- - . -
JPC 1 () + 1 + 2 +

22
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Confinement and string breaking

in QCD

Bulava et al, PLB793 (2019) 493

Sasa Prelovsek Komelj

a[Vv(r)-2m]

|<

0.3 0.6 0.9 1.2 1.5
2 T T T T T .6
I
A 3
(Q3) (sQ) o
L .
N R LT ﬁ::" :
(Qu) (uQ) i T
’ |
a N
-1 - -~ ~-.3 =
)
I ~
2 65
- a . <
-3k 1-.9
Y S | ! 1 14~1.2
5 10 15 20 25

Strong interactions an-initio
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Bottomonia and bottomonium-like states (I=0)

T

@'%_

21

Qi

a[V(r)-2mg]

r [fm]
0.3 0.6 0.9 1.2 1.5
2 T T T T T
1
.1
B.B g
S =S Ak
.............. SRS S
N I _-q—-?"qr
B 5 ,&_i.;e?"'..
—.1
-2
-.3
—als 1 L 1 1 1
5 10 15 20 25

string breaking

SESAM, Bali et al, 2005, 0505012 —»

Bulava et al, 1902.04006, PLB

r/a

A°D/ (dae — (1) A)

Bicudo, Cardoso, Mueller, Wagner, 2205.11475,

J=0: here; J=1,2,3 in the paper;

J=total ang. mom. without heavy quark spins

poles

— - -

0.00 -
-0.01 ’
-0.02 |
003 -

-0.04 -

Im(E) [GeV]

-0.05 -

-0.06 -

-0.07
9.5 100

Re(E) [GeV]

105 1.0

see also: Castella, 2207.09365, 2207.09365

11

m [GeV] &

—
o

theory experiment
n=7 E
, T Y020
n= ey
N Y(10890)
S o 00
n=4 :
- O YES)
n=3
- u L Y(39)
n=2 ?
L XCS) sy
n=1
[—
L Y(1S)
— mne(1S)
waqummein, 017 070"

exotic st
[Belle
2019.
talk by
Zukhova]
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.attice QCD, static b quarks and Born-Oppenheimer : done

Lattice QCD non-relativisic Schr. eq.

E,.(r)y — V(r) — m

B* @ m-mg-Mmg«= - 38 (18) MeV

-0.1

02 F

-0.3 |

V(r) a

-0.4

-0.5

rla

a number of works by Bicudo, Wagner, Peters, Cichy (above 1209.6274)
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bbdu S.P., Bahtiyar, Petkovic, PLB 2019

Sadl, S.P.,, PRD 2021

// // // // // // Y 0.0q ==========- }"*""'*"+
A S S S // J o1 ¢
N ' t
_ ® (.2
_ d / =
pe———sp |/ // > 03
Uu / 0471 ¢
/ —0.5
—0.6

0123456 7 8

r/a

challenge - _|_
- G+

(Events/5 MeV)

80

Belle 2011 PRL2011

T T T l L I L l T T T l L [ T T rr I TTrrr
60
40

20 |

10.55 106 10.65 107 10.75
M(¥(28)n),.., (GeV)

see many disclaimers in
the quoted papers;

still mostly open problem
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All presented results are extracted from E,

(except from HALQCD Tcc)

(C)= [DG DgDg Ce "

[
often “non-precision” studies:
" - ingle a, 1, PR > 140 MeV
C,0=(0]q®) g ) =3 (0l@gln) e*(n|q"|0) e s> il o0
n
t, )P I t=0, )" I
1
a s @@,q O =0(q,G)

o
©
=]
e
=}

for strongly stable state well below threshold : E,(P=0) = m

resonances (Luscher’s relation)

E" — T(E™)

static potentials:

E, — V(r)

Sasa Prelovsek Exotic hadrons from lattice
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above several th.

ConCIUSionS EA} resonances R

great experimental results m;, +m, =+ H,H,

. . m,+m, T H1 Hz
Status on exotic hadrons from Lattice : : “
} shallow bound
* exotic hadrons that are not resolved (yet) states

strongly decay via many decay channels: Z.(4430), X(6900),...

states well
below threshold

available: valuable results on exotic (and conventional) hadrons

strongly stable ; strongly decaying to 1,2,3 channels

support for specific binding mechanisms V H
I
]

Pc, certain charmonium-like states

one picture can not explain all exotic hadrons

for each exotic hadron there is at least one viable picture

Sasa Prelovsek Exotic hadrons from lattice 27



Backup

Sasa Prelovsek Exotic hadrons from lattice 102



Brief intermezzo :
good quantum numbers for reduced rotational symmetry

\J_.

Sasa Prelovsek Exotic hadrons from lattice 103



Symmetries (for system with total momentum zero)

continuum

P: good

Rotations:
SO(3)

i£J
infinite number of elements R=C

—

Sasa Prelovsek Exotic hadrons from lattice

cubic lattice

P: good

Rotations: cubic box periodic BCin x,y,z

Octahedral group O

24 elements

6C'»

E [8C; 6Cy4 [3C, =(Cy)?

104



Irreducible representations under rotations

continuum

Rotations:

continuous SO(3)
infinite number of elements
irreducible rep.: spin J
dimension 2J+1

m,=-J,..,J transform within themselves

spin J: good quantum num.

cubic lattice

Rotations: cubic box periodic BCin x,y,z

discrete Octahedral grou

24 elements

p O

8C; |6C', |6C4 |3C, =(Cy)?

characters

Irreducible repr. : good quantum number
spin J: not good

Irreducible representation: representation of transformation where objects

transform just within themselves (and can not be further reduced by block-diagonalization)

Sasa Prelovsek

Exotic hadrons from lattice
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Relation between

Jin continuum and

O'M : object that transforms under continuum R
according to spin J and projecion M,

for example interpolator ) .
D = Wigner D matrix

RO™R" =Y D}, (R™") O™
<

irreducible under continous

H J,M
Representatlon O ’ rotational group SO(3)

REDUCIBLE under discrete
Octahedral group O

J irrep A (dim)
0 A (1)
1 T1(3)
022,0%1,020,021,022 — 2 |E@Q)+T,03)
3 A (1) + T, (3)+T,(3)
0 A,
1,3 T,
spins J>3 2,3 T,
omitted 2 E
3 A,

Sasa Prelovsek Exotic hadrons from lattice

irrep on the lattce

same thing

Conclusion:

given irrep contains different J
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Symmetries are significantly reduced for P;Z 0

continuum

P
Parity: NOT good _; /5

inversion

Rotations/reflections:

transformations that leave P invariant

rotations around P; little group U(1)

single-particle with momentum P and spin S:

spin S of a particle: not good
only J=S+L : good
S-P

—

|P|

helicity : good A\

cubic lattice

Parity: NOT good

Rotations/reflections:

transformations that leave box and P invariant: Not much symmetry left !!

(or symmetries of box seen in moving frame) T

P=(0,1,0): 8 elements

1 R(m) R(37/2) R(m/2) I1 R(m)I1 R(m/2)11 R(@m/2)I1

P=(1,1,0); 4 elements

Irrep I R(m) I R(mI1 /

irreps: good quantum numbers

helicity: not good

challenge: certain irrep gets contribution from both parities and

several partial waves

Sasa PHdlis/seflection in a plapethat cantainsppitipreserves p 107



More in recent reviews

hadron spectrum from lattice:

N. Brambilla et al. 1907.07583, Phys. Rept
M. Mai, U. Meissner, C. Urbach, 2206.01477
N. Brambilla, 2111.10788

P. Bicudo, 2212.07793
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